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This paper focuses on the control of collective dynamics in large-scale multi-agent systems (MAS)
operating in a 3-D space, with a specific emphasis on compensating for the influence of an unknown
delay affecting the actuated leaders. The communication graph of the agents is defined on a mesh-grid
2-D cylindrical surface. We model the agents’ collective dynamics by a complex- and a real-valued
reaction-advection-diffusion 2-D partial differential equations (PDEs) whose states represent the 3-
D position coordinates of the agents. The leader agents on the boundary suffer unknown actuator
delay due to the cumulative computation and information transmission time. We design a delay-
adaptive controller for the 2-D PDE by using PDE backstepping combined with a Lyapunov functional
method, where the latter is employed to design an update law that generates real-time estimates
of the unknown delay. Capitalizing on our recent result on the control of 1-D parabolic PDEs with
unknown input delay, we use Fourier series expansion to bridge the control of 1-D PDEs to that of
2-D PDEs. To design the update law for the 2-D system, a new target system is defined to establish the
closed-loop local boundedness of the system trajectories in H?> norm and the regulation of the states to
zero assuming a measurement of the spatially distributed plant’s state. We illustrate the performance
of the delay-adaptive controller by numerical simulations.
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1. Introduction

Cooperative formation control in multi-agent systems (MAS)
has garnered substantial interest due to its wide-ranging ap-
plications in various engineering domains, such as UAV forma-
tion flying (Alonso-Mora, Naegeli, Beardsley, & Beardsley, 2015),
multi-robot collaboration (Alonso-Mora et al., 2019; Wang, Guo
et al., 2017), vehicle queues (Fax & Murray, 2004), and satellite
clusters (Zetocha et al,, 2000). In MASs, communication delay,
stemming from information exchange between agents, and input
delays, arising from the processing/acquisition of data to update
feedback control signals, can frequently lead to “suboptimal” per-
formance and, in more critical cases, potentially result in system
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instability. Over the past few decades, a significant body of re-
search in multi-agent systems focusing on communication delays
has been produced. This research has predominantly employed
high-order models and consensus protocols (Hou, Fu, Zhang, &
Wu, 2017; Yu, Chen, & Cao, 2010). In the context of non-uniform
communication delays, Lee and Spong (2006) establish the critical
role of a globally reachable node in the information graph when
designing linear agreement protocols for agents. The authors
of Tian and Liu (2008) employ frequency domain analysis to
derive a delay-dependent consensus condition for a first-order
multi-agent system with input and communication delays. In Zhu
and Jiang (2015), an event-triggered control is designed to es-
tablish a necessary and sufficient condition for leader-following
consensus in multi-agent systems with input delays. A compa-
rable control scheme for second-order consensus in multi-agent
dynamical systems with input delays is introduced in Yu et al.
(2010). Using the Artstein-Kwon-Pearson reduction method to
convert delay-dependent systems into delay-free systems, fixed-
time event-triggered consensus for linear MAS with input delay is
achieved in Ai and Wang (2021). Based on a Lyapunov method for
a mean square consensus problem of leader-following stochastic
MAS with input time-dependent or constant delay, Tan, Cao, Li,
and Alsaedi (2017) provides sufficient conditions to achieving
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consensus. A solution for leader-follower consensus in nonlinear
multi-agent systems with unknown non-uniform time-varying
input delay is provided in Li, Hua, You, and Guan (2022) by
constructing a delay-independent output-feedback controller for
each follower. While the prevalent focus in the literature has
been on the impact of input delay on follower agents, Qi, Wang,
Fang, and Diagne (2019) addresses a known delay affecting the
actuated leaders within a 3-D infinite-dimensional framework.
Furthermore, most of these studies rely on ordinary differential
equations (ODEs) models, namely, each agent’s dynamic state is
represented by an ODE, resulting in increased system complexity
as the number of agents grows (Lee & Spong, 2006; Lin & Ren,
2014).

For multi-agent systems, control designs using partial differ-
ential equations (PDEs) provide a compact representation for cap-
turing the dynamics of large-scale systems. These PDEs, whether
they take a parabolic or hyperbolic form, describe the position co-
ordinates of individual agents, as demonstrated in various works
including Freudenthaler and Meurer (2020), Frihauf and Krstic
(2011), Meurer and Krstic (2011), Qi, Vazquez, and Krstic (2015)
and Qi, Zhang, and Ding (2018) and the reference therein. In the
case of parabolic systems, the diffusion term, namely, the Laplace
operator plays the role of MAS consensus protocol modeled by
ODEs. Actuation of the leader agents positioned on the periph-
ery of the communication structure demands a greater amount
of information and computational resources compared to the
follower agents. Consequently, leaders are more susceptible to
delays that affect the formation control. Using the nominal delay-
compensated boundary control law proposed in Krstic (2009)
and Wang, Qi and Fang (2017), the authors of Qi et al. (2019)
designed a boundary feedback law for MAS in 3-D space un-
der a constant and known input delay. However, in practical
scenarios, knowing precisely the value of the delay is often un-
feasible, and instead, it is possible to estimate only its upper
and lower bounds. To overcome such a challenge, the authors
of Liu, Nojavanzadeh, Saberi, Saberi, and Stoorvogel (2021) in-
vestigate the determination of the delay bounds within which
regulated state synchronization is attainable for a multi-agent
system with unknown and nonuniform input delays. Similarly,
in Zhang, Saberi, and Stoorvogel (2021), such a delay bound is
characterized for semi-global state synchronization in a multi-
agent system with actuator saturation and unknown nonuniform
input delays. Nevertheless, there is a dearth of literature that ad-
dresses the issue of unknown delays in the context of multi-agent
systems modeled by partial differential equations (PDEs). For
reaction-diffusion systems subject to unknown boundary input
delays (Wang, Qi, & Diagne, 2021) pioneering exploration led to
a delay-adaptive compensated controller that ensures the regula-
tion of the system’s state to zero. Motivated by decontamination
of a polluted surface, Wang, Diagne, and Qi (2022) constructed
a delay-adaptive predictor feedback for reaction-diffusion sys-
tems subject to a delayed distributed input. The stabilization of
deep-sea construction vessels using Batch-Least Squares Identi-
fiers (Karafyllis, Kontorinaki, & Krstic, 2019) has been achieved
in Wang and Diagne (2023) where finite-time exact identification
of an unknown boundary input delay and simultaneously expo-
nential regulation of the plant’s state for a hyperbolic PDE-ODE
system is ensured. More recently, a Lyapunov design approach
that enables global stability for a hyperbolic PIDE (Partial Integro-
Differential Equation) with an unknown boundary input delay
was introduced in Wang, Qi and Krstic (2023).

We consider a formation control in 3-D space of a multi-agent
system with unknown actuator delay. The collective dynamics
of the Multi-Agent System (MAS) are characterized by two dif-
fusion 2-D Partial Differential Equations (PDEs). The first PDE is
complex-valued, with its states representing the agents’ positions
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in the coordinates (x,y). The second PDE is real-valued, and its
states correspond to the agents’ positions in the coordinate z.
We utilize a PDE backstepping design in tandem with a Lya-
punov method to formulate a dynamic, delay-adaptive boundary
feedback law. The nominal backstepping controller acquires com-
plementary information about the unknown parameter through
an update law driven by a carefully designed ODE. We intro-
duce a Fourier series expansion to diminish the dimension of
the 2-D system, transforming it into a set of n 1-D systems. In
contrast to the result in Qi et al. (2019), the target system in
the present study accounts for several highly nonlinear terms,
generated by the delay-adaptive scheme, which pose challenges
in establishing the convergence of their series representations, a
crucial prerequisite for transforming the 1-D system into a 2-D
system.

This paper is organized as follows. Section 2 introduces the
PDE-based model for a MAS with actuation delay. Section 3
presents the delay-adaptive control design for the MAS collective
dynamics subject to unknown actuation delay. The main result
including the delay’s adaptation law and the stability theorem
is presented in Section 4. Section 5 gives the proof of the main
result. Simulation results are provided in Section 6. The paper
concludes with a discussion possible of future works in Section 7.

Notation: Throughout the paper, we adopt the following no-

tation:

2 ={(,0): 0<s<1, —7w<6<m}, (1)
Dy ={(s,7):0=7t<s=<1}, (2)
Dy ={(s,7):0<s<1, 0<7t <1} (3)

For x : 2 — R, define the [?, H' and H? norm as follows Tang,
Qi, and Zhang (2017) and Qi et al. (2019)

1 b4
Ix(s. 0)11% :=||x||2:=ff |x(s, 6)[2d6ds,
-1

(s, )12 =1 17 + 15 1> + 13 x 117,
(s, 0312 =l 124 + 182 1% + 2018 x I7 + 192 x 11>

2. Multi-agent’s PDEs model
2.1. Model description

Following Qi et al. (2019), we consider a group of agents
located on a cylindrical surface undirected topology graph with
index (i,j), i = 1,..., M, j = 1,...,N, moving in a 3-D
space under the coordinate axes (x, ¥, z). A complex-valued state
u = x-+jy is defined to simplify the expression of the components
on the (x, y) axes. Defining the discrete indexes (i, j) of the agents
into §2 defined in (1), as M, N — oo (see, Fig. 1), the continuum
model of the collective dynamics of a large scale multi-agent
system as follows

aru(s, 0, t) =Au(s, 6, t) + Byosu(s, 6, t) + Aqu(s, 6, t), (4)
0:z(s, 0, t) =Az(s, 0, t) + B20sz(s, 0, t) + Az(s, 0, t), (5)
u(s, —m, t) =u(s, 7, t), u(0,0,t)=fi(0), (6)

u(1,0,t)=gi(0)+ U0, t — D), (7
2(s, —m, t) =z(s, 7, t), 2(0,0,t)=f(0), (8)
z(1,0,t) =g2(0)+Z(0,t — D), (9)

where (s,0,t) € 2 x RT, u, A, B1 € C, z, Ay, B2 € R. The
coordinates (s, 6) are the spatial variables denoting the indexes
of the agents in the continuum and A represents the following
Laplace operator

Au(s, 0, t) = d2u(s, 0, t) + dZu(s, 0, t), (10)
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Fig. 1. Cylindrical surface topology prescribing the communication relationship
among agents. The agents at the uppermost and lowermost layers are leaders.
Each follower has four neighbors.

Az(s, 0,t) = 32z(s, 0, t) + d7z(s, 0, t), (11)

which is defined as “consensus operators” for PDE representa-
tions (Ferrari-Trecate, Buffa, & Gati, 2006). Note that the boundary
conditions (6) and (8) are periodical on the cylinder surface (see
Fig. 1) while f1(0), g1(0), f-(6) and g,(0) are non-zero bounded
boundary conditions for the states u and z, respectively.

To control the MAS to desired formations, we consider a
configuration where the agents at the boundaries s = 0 and s = 1
are the leaders that drive all the agents to prescribe equilibrium.
In (7) and (9), we defined the input delay D > 0 affecting the
actuated leaders and caused by communication lags in leader-
follower configurations. In practice, the exact value of the delay
is hard to measure, only the bounds of the unknown delay can be
estimated, so we assume:

Assumption 1. Assume the bounds of the delay is known, i.e.,D €
{D € RT|D < D < D}, where D and D are the known lower and
upper bounds, respectively.

Remark 1. Letting o;u(s, #,t) = 0 and 9,z(s, 6, t) = 0, one can
solve (4)-(9) in the absence of control, resulting in the steady
state profiles u(s, 8) and z(s, 6). These profiles correspond to the
desired formations depending on the values of the parameters
A1, B1, A2, B2, and the open-loop boundary conditions f1(8), g1(6),
f2(6) and g»(0), as discussed in Qi et al. (2019).

3. Delay- adaptive boundary controller

First, define the error between the actual system and the de-
sired system as (s, 0, t) = u(s, 6, t) — u(s, 0), and then introduce
a change of variable ¢(s, 0, t) = e%ﬁﬁﬁ(s, 0, t) for removing the
convection term,

(s, 0,t) = Ag(s, 0, t) + Aj¢(s,0,t), se€(0,1), (12)
o, —m, t)y=¢(s,m, t), ¢(0,6,t)=0, (13)
¢(1,0,t)=®(0,t — D), (14)

where 3, = %, — 182 and ®(6,t — D) = e2¥1U(8,t — D).
By employing a transport PDE of ¢ representation of the delay
appearing in (7), we transform the error system (12)-(14) as
follows:

(s, 0,t) = AP(s, 0, t) + A1¢(s,0,t), se€(0,1), (15)
o(s, —m,t)=¢(s,m,t), ¢(0,0,t)=0 (16)
¢(1,6,t)=10(0,0,t), (17)
Do 9 (s, 0,t) = 9s0(s, 0, t), (18)
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O(s, —m, t) =0(s,m, t), (1,0,t)=P(0,t), (19)

where ¥(s,0,t) = ®(0,t + D(s — 1)), defined in £ x R*. In
the following, we will derive the dynamic boundary adaptive
controller of the states u and z by employing the Fourier series
expansion but limit our analysis to the u component of the state
as a similar approach applies to the z dynamics.

3.1. Fourier series expansions
In order to transform the 2-D system (15)-(19) into n 1-D

systems, we introduce the Fourier series expansion (Vazquez &
Krstic, 2016) as

¢(s,0,1) Z Gnls, t)el™, (20)
Z @u(t)e™, (21)
D, 0,0)= Y (s, 1), (22)

where ¢,, @,, ¥, are the n Fourier coefficients; independent of
the angular argument 6. As an illustration, one of the coefficients
n (20)-(22) is given as ¢u(s, t) = 5= [7 @(s, ¥, t)e "V dy.
Substituting (20)-(22) into (15)-(19), we get the following 1-D
PDE of the Fourier coefficients ¢,(s, t) and 9,(s, t)

n(s

Oepn(s, t) = 07 (s, 1) + (X — n?)gu(s, t), s € (0, 1), (23)
én(0,8) =0, én(1,t) = ,(0, ¢), (24)
Datﬁn(sv t) = asﬁn(S, t), ( s ) ( ) (25)

In order to design feedback adaptive controller @,, we postulate
the following transformations

wn(s7 t) = ‘In[‘lsn](sa t) = ¢n(s5 t) - /S kﬂ(ss T)(bn(f’ t)d'[, (26)
0
hn(57 t) = ‘In[ﬁn](sv t) = _ij(t) /spﬂ(sv tv ﬁ(t))ﬂﬂ(r’ t)d'l,'
0
1
+ Oals. 1) — / yals, 7. D(OYu(r. t)d, (27)
0

whose the inverse transformations are

on(s, t) = Trl_][wn](i t) = wp(s, t) + /s ln(s, Twp(z, t)dT, (28)
0
Dus, €)= T [hal(s, £) = D(t) f Guls, 7. D(E)ha(, )
0

1
+ h(s, r)+/ na(s, T, D(t))wa(z, t)dr, (29)
0

where ﬁ(t) is the estimate of unknown input delay.! The kernels
kn, P, L, qn are defined in D4, and y;, n, are defined in D,, where
D1 and D, are defined in (2) and (3), respectively.

Hence, by PDE Backstepping method, (23)-(25) map into the
following target system parameterized

drwn(s, £) = 32wn(s, t) — n*wp(s, t), (30)
we(0,£) =0, wy(1,t) = hn(0, £), 31)
Dachy(s, £) = dshy(s, £) — DPn(s, £) — DDPy(s, ), (32)
ha(1,£) = 0, (33)

1 For the sake of simplicity, ﬁ(t) is defined as D in the remaining part of our
developments.
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where

1
~ 1 ~
Pyy(s, t) = / ( —0: (s, 1, D)(1, T) + Easyn(ss 7,D)
0

+z / dals. 7. DYn(e. 1) ) wi(z, t)de

— 3:yn(s. 1, D)hy(0, 1), (34)
Ponts, £) = fo 1 ( f s, 7. DY(E. T)E + (s, 7. D)

+ /0 (pals. &, D)+ Digpa(s, &, DYma(s, =, D )

w(z, t)dr + /0 ( Ddypu(s. T, D) + pals, 7, D)

N
+D [ (s &0+ Dypul. £ Dt 7. DX )
T
< ha(7, t)dz, (35)
and D = D—D. The mapping (26), (27) is well defined if the kernel

functions ky(s, T), ¥a(s, T) and py(s, 7) satisfy
82kn(s, T) = 82kn(s, T) + Ajka(s, T), (36)
)\'/
kn(s,0) =0, kn(s,s)= —?15, (37)
dsvn(s. T, D) = D(02yu(s. T, D) + (&) — n®)yu(s, 7, D)), (38)
Ya(s,0,D) = yu(s, 1,0) =0, (0, 7, D) = ko(1, 1), (39)
dspn(s. 7. D) = —d:pn(s. 7. D), (40)
pn(s, 1.D) = =3 yu(s. 7. D)le—1. (41)
The solution of the above gain kernels PDEs is given by
L( /A (s2 — ©2
kn(s, T) = —ktw, (42)
Ay(s? —12)
it a 2_:2_2 1
yal(s, T.D) =2 P sin(i 7) / sin(ir£)
i=1 0
- k(1, £)dg, (43)
Pa(s, T, D) = —dyyu(s — 7, 1, D), (44)

where 9,y,(-, -, -) denotes the derivative of y;,(-, -, -) with respect
to the second argument. Similarly, one can get the kernels in
inverse transformations (28), (29):

Ji(y/ Ay (s? — 12))
In(s, T) = —MW, (45)

o0 . . 1
m(s. 7. D) =2 e 2+ ssin(ir 1) / sin(in&)
0

i=1
- k(1, &)déE, (46)
gn(s, T, D) = —dmu(s — 7, 1, D). (47)

From (25), (27) and (33), the 1-D delay-compensated adaptive
controller writes

1
Gu(t) :15/ pa(1, T, D)(z, t)dt
0

1
+ / va(1, T, D)gn(z, t)d7. (48)
0

3.2, 2-D delay-compensated adaptive controller

In order to obtain the 2-D delay-compensated adaptive con-
troller, we assemble all the n 1-D transformations defined in
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(26)-(27) in the form of Fourier series to recover the 2-D domain
components and then get

w(s, 0, t)= Y wy(s, t)e"
=¢(s,0,t)—/sk(s,r)¢(r,0,t)df, (49)
0
h(s, 0, t)= Zh (s, )" = (s, 6,1t)

// STQwD) (z, ¥, t)dydr

— D/ / p(s, T, 6, %, D)(z, ¥, t)dydr, (50)
0 J—m

where k(s, 7) is defined in (42), the related 2-D kernels are given
as

o0
y(s.7.6.9.D)=2Q(s.6 — ¥, D) > P¥1~ " Ssin(in 1)
i=1

1

/ sin(i & )k(1, £)dE, (51)
0

—0y(s—1.1,6 — ¢, D). (52)

For all s € [0, 1], defining Q(s, 6 — ¢, D) = P D e~ Dr’s

@"0=¥) Due to 0 < Q(s,6 — ¥,D) < P(e®,0 — ), where
P denotes Poisson Kernel. Using the properties of Poisson ker-
nels (Brown & Churchill, 2009), one gets the boundedness of the
kernel functions y(s, t, 6, ¥, D) and p(s, 7,6, ¥, D) In a similar
way, we get the inverse transformations of (49) and (50) are given

by
@(s,0,t) = w(s,@,t)—i—/sl(s,r)w(T,@,t)dt, (53)
0

p(s, 7,0, ¢, 15) =

1 T
B(s, 6, t) =/ / n(s, 7,6, ¥, Dw(r, ¥, t)dyde
0 -7

N T
+s.0.0+D [ [ a0, p Die v aper, 5a)
0 -1
where the gain kernels [,  and q are defined as

Ji(y/AL(s? — 12))
Is,7) = —xrw, (55)

oo

n(s.7.60.9.0)=2Q(s.6 — y. D)) e Ssinin 1)

i=1
1

/ sin(im&)I(1, £)d&, (56)
0

q(s, 7,6, v, D)= —dn(s — 7, 1,0, ¢, D). (57)

From (48), (51) and (52
adaptive control law:

1 T
U(e,t)sz y(1,7,0, ¥, D)e 2P0 u(r, v, 1)
0 -7

—ﬁ(r,lﬁ))dlﬁdr—/ / oyt
t—D J—m

Uy, v)dydy. (58)

), we obtain the following delay-

1,60, y, D)erh

3.3. 2-D target system for the plant with unknown input delay

Similarly, in order to obtain the 2-D Target system for the
plant with unknown input delay, we assemble all the n 1-D target
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systems defined in (30)-(33) in the form of Fourier series to
return back to the 2-D domain

dw(s, 0, t) = Aw(s, 0, t), (59)
w(s, —m,t) = w(s, m,t), (60)
w(0,0,t)=0, w(1,6,t)=h(0,8,t), (61)
Ddch(s, 0, t) = dsh(s, 6, t) — DPy(s, 0, t) — DBPz(s, 0,t), (62)
h(s, —m,t)=h(s, 7, t), h(1,6,t)=0, (63)
with
1 T
Pi(s, 6, t) :/ Mi(s, 7,0, ¥, Ow(z, ¥, t)dyde
0 -7
+ Ms(s, 6, ¥, £)h(0, ¥, t)dy, (64)

=TT

1 b4
Pz(s,e,t)=f Ms(s. 7.6, v, Ohw(r, ¥, )dyrde
0

-7

+ /S T[M4(S,T,@,l//,t)h(f,l//,f)dlﬂ‘f, (65)
0

-7

where M;, i =1, 2, 3, 4 are functions defined below:
1 1 .
M1(55T597 wvt): B (/ ys(sa$793 va)l(é:’t)ds
T

+ (s, T, 0, w,f))) —dy(s, 1,6, ¥, D(1, 1), (66)
Ma(s, 7,0, %, t) = —d,(s, 1,0, ¥, D), (67)

1
M3(55T597 w!t):/ yf)(s’S!ev WsD)l(f,T)dE

S T
+/f (p(s. £.6. 9. D) + Dps(s. 7. 6. . D))
0 -7

(€, T, ¢, ¥, D)dedé + yp(s, 7,6, ¥, D), (68)
Ma(s, 7,6, ¥, t) = p(s, 7,6, ¥, D)+ Dpy(s, t, 0, ¥, D)

S o
+D/ / (p(s. £.0, 0. D) + Dpy(s. £. 6. ¢, D))
T -7
-q(&, 7, 9, ¥, D)dgde. (69)
4. The main result

To estimate the unknown parameter D, we construct the fol-
lowing update law

D = oProjp 5 {(t)}, 0<o <1, (70)
where 7(t) is given as
1 T

(t) = —2] / (1+ s)h(s, 8, t)P(s, 0, t)dOds, (71)

0 -1
and the standard projection operator is defined as follows

0 D=Dand z(t) <0,
Projp pyfz(t)} =1 0 D=Dand t(t) > 0, (72)
T(t) otherwise.

Our claim is that the time-delayed multi-agent system studied
in this paper achieves stable formation control, in other words,
the state of the error system (15)-(19) tends to zero under the
effect of the adaptive controller (58). The following theorem is
established.

Theorem 1. Consider the closed-loop system consisting of the plant
(15)-(19), the control law (58), the updated law (70) under Assump-
tion 1. Local boundedness and regulation of the system trajectories
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are guaranteed, i.e., there exist positive constants My, R such that
if the initial conditions (¢o, Vo, Do) satisfy ¥1(0) < My, where

wi(t) = l|lIZ; + 10edl21 + 19172 + 135009 17 + 195509 |I*
+ 1900, -, )% + 18620, -, O)1* + 13390, -, )12

+ 13900, -, O + 19690, -, £)[1* + D, (73)
the following holds:
(L) < R1¥1(0), Ve =05 (74)
furthermore,
lim max |o(s,0,t)] =0, (75)

t—00 (5,0)€[0,1]x[—m,7]

lim max
t—00 (5,0)€[0, 1] x[—7,7]

[9(s, 6, t) =0. (76)

Remark 2. Only local stability result is obtained due to the
existence of the unbounded boundary input operator combined
with the presence of highly nonlinear terms in the target system
(59)-(63). In comparison to Wang et al. (2021), the need to
ensure continuity of the communication topology of the multi-
agent system in three-dimensional space leads to consider more
complex norms of the system state (see. (73)) for the stability
analysis.

5. Proof of the main result

We introduce the following change of variables

m(s, 0, t) = w(s, 0,t)—sh(0, 6, t), (77)
to create a homogeneous boundary condition of the target system
dm(s, 0, t) = Am(s, 6, t) + sdZh(0, 6, t) — sd;h(0, 6, t), (78)
m(s, —m,t)=m(s, 7, t), m(0,6,t)=m(1,6,t)=0, (79)
Dah(s. 0. t) = d5h(s, 6. t) — DPi(s. 6, ) — DDPy(s.6.1).  (80)
h(s, —m,t)=h(s,m,t), h(1,0,t)=0, (81)
with w(s, 6, t) in Pi(s, 0, t), {i = 1, 2}, is rewritten as m(s, 6, t)+

sh(0, 0, t).
We will prove Theorem 1 by

(1) proving the norm equivalence between the target system
(78)-(81) and the error system (15)-(19) through Proposi-
tion 1,

(2) analyzing the local stability of the target system (78)-(81),
and then deriving the stability of the error system based on
norm equivalence’s argument,

(3) and establishing the regulation of the state ¢(s, 6, t) and
9(s,0,t).

(1) Norm equivalence
We prove the equivalence between the error system (15)-(19)
and target system (78)-(81) in the following Proposition.

Proposition 1. The following estimates hold between the state
of the error system (15)-(19), and the state of the target system
(78)-(81):

@172 + 10:l1%: + 121172 + 1900 1> + 115501

+ 1900, -, )1 + 1059(0, -, )17 + 18790, -, O)II?

+ 118:2(0, -, )1* + 19t (0, -, )]
<Ri(Iml12, + [13:ml2, + 1h12, + 19sehll? + 18ss0hl>

+ [Ih(0, -, O)II* + 1186 h(0, -, )I* + 197 h(0, -, )]?
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+ 119:h(0, -, O[> + [0 h(0, -, £)[I*), (82)

(ml2, + 18eml2, + [hI2, + [13saehll? + [13sshIl?

+ 11RO, -, I + 135h(0, -, )II* + 135h(0, -, )]*

+ 119:h(0, -, )11 + [186 (0, -, )II*)
<Ro(l1p1125 + 13012, + 191125 + 135009 1% + [135569 112

+ 190, -, Ol + 139(0, -, O)]I* + [183(0, -, O)]1?

+ 118:9(0, -, O)II* 4 11860 (0, -, 1)), (83)
where R;, i = 1, 2 are sufficiently large positive constants.

The proof of Proposition 1 is stated in Appendix A of the
supplementary material (Wang, Diagne and Qi, 2023), we omit
here since the limit of the space.

Next, we show the local stability for the closed-loop system
consisting of the (¢, ©#)-system under the control law (58), and
with the updated law (70)-(71).

(2) Local stability analysis

Since the error system (15)-(19) is equivalent to the target
system (78)-(81), we establish the local stability of the target
system by introducing the following Lyapunov-Krasovskii-type
function,

1 T
vl(t)=b1(||m||,iz+||arm||51)+D/ / (1 + s)|hP?
0 -7

+ 195h|* + |3ph|* + | AhJ? + [899h|* + |3ssph|*)dOds
+ byD([|I(0, -, )1 + [189h(O, -, O)II* + 197 h(O, -, t)II?
P2
Ol + 11h(0, -, O)II*) + o (84)
o

Taking the time derivative of (84), based on (64), (65), (77)-
(81), and using Cauchy Schwartz’s inequality, Young’s inequality,
Poincare’s inequality, and integration by parts, we obtain that

+119:h(0, -,

3 1 1
Vi(t) < bl(* - — - —>||m||2 — 2b|3gm||?
8 03
b 1 1 1 3
— Lam? = by (2 - — - — - — Jiam|2 —p, ( 2
2 o1 04 O5 8

1 1 b
-———— ) I3eml|> — =3l — 2b1 [|8gml|> — by (2
(of o7 2

— 01 — og — 09)| Adem||* — (IhII> + 13sh1* + |31
+ I ARI? + 13901 + 13550 hlI*) — (1 = baorio)IIK(O, -, £)II?

b 3b b
(1 by 3byou3 1(03-i-05))||8S 0. - D)2
010 D D?

b, 7b,  7b;
— 1= = )l18gh(0, -, )= | 1— - —
( 011)” o h( )|l < Diors 30877

+ l)) 192h(0, -, ]2 — (1 _ biloz to4) &)

o9 3 o12
7b
-[18zh(0, -, t)||* — (1 - D302 >||3ss9h( L OIP- <2
3byo
— byoy — —2 ) 195 h(0, -, £)[1*— < 1—o12by

b 1 - X
- D—;(oe +—) ) 13596 h(0, -, t)||> — DE1(t) — DDEy(t)
8
~ I3 N A E
+ DEs(t) + D?Eg(t) + D?Es(t) _DE’ (85)

whereo; > 0,i=1,2,...,14, and

1 b4
E](f) = 2/ / (1 + S)(hp] + 3sh33P1 + 89h39P1

Automatica 164 (2024) 111645
+ Ahaszpl + AhagPl + 8599h8599P1 + assghassgpl )d9ds
b
+2b; / (h(0, 6, t)P1(0, 6, t) + d5h(0, 0, t)dgP1(0, 0, t)

T

+ 92h(0, 0, £)37P4(0, 6, t))dAds, (86)
1 b4
(t) = 2/ / (14 s)(hPy + 9shdsPy + 9ghdg Py
0 -7
+ AhZP; + Ah3ZP; + ds59hdsge Py + dssohdsss P2 )dOds

T
+ 2b, / (h(0, 8, £)P,(0, 0, t) + dsh(0, 6, t)dyP2(0, 6, t)

T

+ 32h(0, 0, £)37P,(0, 6, t))dAds, (87)
bi(oz +o0s5)  3byor3 by
E3(f)=< 2 +—5— JIP(0. Ik +D2 6
1 ) 3byo14 2
+U— 192P1(0, -, )]I> + ——=— 1139 P1(0, -, t)]|
8

by 1. b 1 ,
7 —|19sP1(0, -, t
+ <3D2(07+ —)+ 014D> <D2 [l 9sP1( )l

7b,
O']5D

1
+ 118P1(0, -,r)||2> + (ﬁnasepl(o, ik

+ 19t P1(0, -, £)]? ) +4([IP1(1, -, OI* + 2[|13gP5(1, -, )]

+ 192P1(1, -, OI*) + 12(/13sP1 (1, -, OII* + 19 P1(1, -, £)II?
+ D?||3P1(1, -, £)I* + D*[|3eeP1(1, -, O)II), (88)
7b 7b
Eq(t) = (3Dl<o7+ 5 2 )(nm(o,-,r)n2

1
+ 13sP5(0, -, t)[I* + D*[|8P>(0, -, )[I*) + by (06 + U)
8

(136P1(0, -, )11 + 1135 P2(0, -, t)II?

+ D?[[89P2(0, -, t)1*) + 3b2Do14[1 36 P2(0, -, t)|* + (b1(03

+ 05) + 3b,D013) || P2(0, -, )] +4D2(||P2( D))

+2/18gPy(1, -, O + 192 P2(1, -, 0)]I) + 12D*([IP1(1, -, )]?

+ [10sPo(1, -, )] + 19P1(1, -, )* + D*[|9:Po(1, -, )]

+ 199P2(1, -, O)I* 4+ D* |3 Pa(1, -, )II), (89)

7b 1 7b,D 7Db
Es(t) = (—%m + )+ = )npz(o, LR+ =2
3 09 o13 o14

L O + 12D*(IPo(1, -, )12 + 136 P(1, -, £)II%).  (90)

Bysettingcﬁ_l02_03_804_05_366_07_803=
1 D2
3’ 3 5 4 11’ 11
2D 11by D*—11b D> D°—11b 3D*-77b
} 0 <b < mm{ 3=1b D 1= 1 1}

7b
82Py(0, -, £)]) + D—z

- 1199 P2(0,

(79_ 010_011_012_013_014_10<b1<m1n{

30 p* ' 77 D(3+2D)’ 3ppiy7y
we get the following estlmate
Vi(t) < — k1V5(t) — DEq(t) — DDEy(t) + D’Es(t)
A x A 5
+ D?E4(t) + D?E5(t) — D=, (91)
0
where k1 = min{%l, 1-— % — by — %} > 0 and
_ 2 2 2 2 2
Vo(t) =lmllyz + 19emllyy + 1hll + 180 hll” + [19ssohll

+ IR0, -, D). (92)

With the help of Agmon’s, Cauchy-Schwarz, and Young's in-
equalities, one can perform quite long calculations to derive the
following estimates:

Eq(t) < T1LVy(2), E>(t) < 11L1V;(t), (93)
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Es(t) < (a1 4 020’ L2Va(t)? + D*arz)L4 Va(t), (94)
Eq(t) < (a3 4 040’ 13Va(t)? + DPag)L1 V(1) (95)
Es(t) < aalyVa(t), D(t) < 6L Va(t), (96)
D(t) < 6(1 + 6L1V(t) + ID)L1Va(t), (97)
where
—2 —2
11(13D )b 2(10D b —
oy = MDA 70br 20000 #7025 452 4 g, (98)
3D D
77b1 14b2 —2
Al 24D° . 99
%) 3D + D + (99)
—2 —2
11(13D" + 14)b;  4(5D" +7)b — _
oy = 3D +14by  4GD +7b2 | o2 55t (100
3D? D
77b —
o= 5 ! { 14Db, + 24D, (101)

and L; is a sufficiently large positive constant, which estimation
method is similar to the method in Appendix A of the supplemen-
tary material (Wang, Diagne et al., 2023). And then, combining
with (93)-(97), one can get

. - 1 _
Vi(t) < —k1Va(t) + IDI(8 + 5)& Vs(t) + 8DLIV,(t)?

+ 52061[,1 Vz(t) + l~)2(2a2 + 120{4)1,?‘/2(1’)3 + 54Ol2L1

Vo) + (a3 + 1204)L3V(£) + 28aa L3 Vo(t)°. (102)

From (84), it is easy to get D*> < 20Vi(t) — 2001Va(t), &1 =
min{b;, D, b,D}. Using Cauchy-Schwarz’s and Young’s inequali-
ties, one can deduce that

- D?
B < &+ < Sy Lviny - Ll (103)
2 2eq 2 €1 &1
Again, using (84) we have
$1Vo(t) < V(8). (104)

Substituting (103), (104) into (102), we derive the following
estimate

Vi(t) < —(% - 8Q2(121-1V1(t)2>V2(f)— < % — Ly(8

1
+ 2+ Ly - 2Q051L1V1(f)> Vo(t) — Ly
o 2 &1
1 1204)L2
: ( %(8 +-)- (M + 8a2Q2§12)V1(f)
&1 ] e

2
(@2 + 13as)y +;3“4)L1 V1(t)2)
1

280{4[,%

— 8DL; ) Vo(t) — 20L4 <Ol1§1 -

Vo(t) — L3 (2Q(ocz + 1304)¢1 — Vl(t)) Va(t)*. (105)

S ; k10 (8o+1)(y <
Let &; defined as £; < min [L1(89+1)’ 80Dl } to ensure V{(0) <
1, where

" { e1lk10 — (80 + NLie1) k1
1 £ min , )
20L1(80 + 1+ 2a1061) 4o/ azly

Vot olaz + 13a4)
/\/(0{2 + 130{4)[,1 ’ 140!4[% ’

21((80 + 1)¢1 — 8DLy£1) } (106)

e1(40%at + (a3 + 1204)L3)
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Therefore,

Vi(t) < — (81(8) 4 8a(t))Valt) — (83(t) 4 8a(t))Va(t )

+ 85(0)Va(t)?, (107)
where
1
sit) =2 — L8+ X2 + Zvi(0) — 200iLaVi(t),  (108)
2 0 2 &
t) == — 4o asLi V(L) (109)
2
83(t) =Ly <Q—Cl(8 + 1) _ 85L1 _ (M
€1 o &
+ 492az)V1(t)>, (110)
2
84(t) =204 (am — le(ﬁ) , (111)
1
2
(1) =L (2g(a2 1300t 28‘;“‘“ vl(t)), (112)
1

are nonnegative functions if the initial condition satisfies (106).
Thus, V,(t) < V4(0), Vt > 0.
Using (82), we can get

max{R;, 1}

(t) < ————Vi(t) < uaV1(0), (113)
"7 min{by, 2D, bD, 1) 20
. . _ max{Rq,1}
where W4(t) is defined as (73), and u, = intr. D, boD. L] I Hence,
combining (106) and (113), we have My = p12.
From (83) and (84), one gets
- = 1
Vi(t) < max {max{bl, 2D, b;D}R;, 2—} v, (t). (114)
[

Knowing that V;(0) < max{max{b, 2D, b,D}R;, i}IIﬁ(O), we
arrive at (74) with ®; = u, max{max{b;, 2D, b,D}R;, i}, which
proves the local stability of the closed-loop system.

Next, we will prove the regulation of the cascaded system
(¢, ¥) to complete the proof of Theorem 1.

(3) Regulation of the cascaded system

From (84) and (105), we get the boundedness of all terms in
(92), and then, based on (82), we also get the boundedness of
all terms of ¥y(t). We will prove (75) and (76) in Theorem 1 by
applying Lemma D.2 (Smyshlyaev & Krstic, 2010) to ensure the
following facts:

e all terms in (92) are square integrable in time,
o S(Iml?), $(lIhl1%) and &(]|dsh]|?) are bounded.

Knowing that

t 1 t
f [m(z)|2dt < 7/ 81(T)Va(z)dr, (115)
0 info<. < 81(7) Jo
and using (108), the following inequality holds:
. K 1 &
inf 8,(t) =— — Ly(8 + —) (—1 + 3%@))
o<r<t 2 o 2 &1
— 2001L1V4(t). (116)

Since Vy < —(81(t)+82(t))Va(t)— (85(6) +8a(t)Va (£} +85(£)Va(t)*
and &;(t) are nonnegative functions, we have V; < —§(t)V,(t),
and integrating it over [0, t] leads to

/ 81(tWa(r)dr < V1(0) < a1, (117)
0
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Substituting (116) and (117) into (115), we get ||m|| is square
integrable in time. Similarly, one can establish that other terms
in (92) are square-integrable in time.

To prove that %(Hmllz), %(llhuz) and %(llashllz) are bounded,
we define the Lyapunov function

1
2
where bs is a positive constant. Taking the derivative of (118)

with respect to time, and using integration by parts and Young’s
inequality, the following holds

b-D 1 k4
vit) = 5imi? + 222 [ [ (e ine + ks, (118)
0 J-m

. 1 1
Vs(t) < —llasm||> — bs||hl|* — bs]|ash|® + (-— + ——)lIm]]?
2[7 2L3

L7 2 L7 ) lg ~2 2
— || 9ggh — || 9ggsh —|D| ||P1(0, -, t
+ 5 100" + = 19005 ||+222| I 1Py ( )|l
b3 lg 2 lg A2 P
— (2 = B )80, -, t 51D 1P>(0, -, )] + 4b
(2 222)”5( ) +2| | 1IP2( II* 4 4bs
~ 2 ~ 2 ~
- ID I IPy 1| 4 2b3IDI [Py(1, -, ©)I|* + 4bs|DI[|h ]| | Py |

—2 A 2 ~ 2
+2b3D"[D| |Po(1, -, £)[1* + 4bs| DI |35l 1 3:P: |

+ 4bs|D|||h||P | + 4bsD|D||3sh|l[|sP2 . (119)
Setting 17 = 13 = 8 and b3 > ;—2, we have
Vs < —ciVs + fi(t)Vs + fo(t) < oo, (120)
where we use Young's and Agmon’s inequalities, ¢; = min{, % },
and
202 ., o2
filt) = -0 +D"IDP). (121)
4 N
H(t)= §(||399h||2 + |g0shll®) + 2b3D[*[|P1(1, -, 0)]?
2z 4|D)? A
+ 2b3D"[DI?[IPy(1, -, £)|1* + D IP5(0, -, t)I|* + 4|DJ?
“1IP2(0, -, £)[1% + 2b3[ DI [IP1(1, -, )] + 2bs 1Py ||
—2 A
+ 2bs]|0sP1]|* + 2b3D"|DI*|Po(1, -, £)I|* + 2bs | P2 ||
+ 2bs||3sP2 2. (122)

Combining (64) and (65), we get that |D|, |[P1(0, -, t)|12, |[P(0, -, t)|12,
IP1(1, -, OI%, IIP2(1, -, £)||%, |IP1]|* and ||P;||? are bounded and in-
tegrable. Thereby, f1(t) and f,(t) are bounded and integrable func-
tions of time. Thus, from (120), we deduce that V, < oo, which
proves the boundedness of %(||m||2), %(llh”z) and %(ll&shllz).
Moreover, by Lemma D.2 (Smyshlyaev & Krstic, 2010), it holds
that |m||, ||hl, |9sh]] — 0 as t — oo. Knowing that ||h(0, -, t)||*> <
2|lhll118sh]l, so ||h(O, -, t)||> — 0 as t — oo. From (53) and (77),
one can get

g% < 4C1 + IlGs, DI mI® + 411Ls, IR + 18sh11?). (123)

So, we get [|¢]|> — 0 ast — oo. Since ||¢| 42 is bounded, we can
get ¢(s,0,t)* < C|ollllly2 by using Agmon’s inequality, and
then we get ¢(s, 6, t) is regulated. Similarly, we can get ¥(s, 0, t)
is also regulated.

6. Numerical simulations
6.1. Control laws for the leaders and the followers

In order to implement control laws of the followers, we dis-
cretize the PDEs (4) and (5). For u € §2, we define the following
discretized grid

si=(i—Dhs, 6 =({— Dhy, di=(k—1)AD, (124)
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fori = 2,....M—1,j = 1,...,N, k = 1,...,M’, where
hy = 1=, hg = % and AD = P~ Using a three-point central
difference approximation, the control laws of the follower agents
(i,j) are written as

(Uip1j — ij) — (Uij — Uj—qj)

U = + B

Uit1j — Ui-1j

R 2h
Ui — Uii)— (U j_Uji_
+ ( i,j+1 1,})2 ( ij—Hij 1) +)"1ui,ja (125)
hg
wherei=2,...,M —1,j=1,...,N, and all the state variables

in 6 space are 2z periodic, namely, u; ; = u; y. The leader agents
with guiding role at the boundary s = 0, namely i = 1 are
formed as uyj; = fi(6;). For the leader agents at the boundary
s = 0, namely i = M, from the discretized form of (58), the state
feedback control action is given by

M N
_1 _ _
up(0) =D amiyimie” 2P0 g (6) = i (1)
m=1 I=1
M N
= YD Gy umat — D+ di) + Ty, (126)
k=1 I=1

where yj m and yjfk’, can be discretized from (51) and (52). M, N,
and M’ are odd numbers according to Simpson’s rule. The control
laws for the z-coordinate can be obtained in a similar way.

6.2. Simulation results

A formation control simulation example with 51 x 50 agents
on a mesh grid in the 3-D space illustrates the performance of
the proposed control laws with unknown input delay. The real
value of input delay D = 2, and the upper and lower bounds
of the unknown delay are D = 0.1 and D = 4, respectively.
The adaptive gain is fixed at ¢ = 0.05. The model’s parameters
are Ay = X, = 10, B4 = B2 = 0. The control goal is to
drive the formation of the agents from an initial equilibrium
state characterized by the boundary values f;(6) = —el? 4 =327,
g1(0) =e? —e 29 £,(0) = —1.9, g,(8) = 1.9 and the parameters
AM = Ay = 10, B1 = B = 0 to a desired formation with
boundary f;(6) = g1(6) = €7, ,(0) = 0, g2(0) = 1.3 and the
parameters of A; = 30, A, = 20, 8; = B, = 1. Fig. 2 shows the
formation diagram (or snapshots of the evolution in time) of a 3-D
multi-agent formation with an initial value of the unknown delay
estimate D = 4 and from the initial to the desired formation.
The six snapshots of the formation’s state illustrate the smooth
evolution of collective dynamics between two different reference
formations when the input delays are unknown. Fig. 3 shows
the time-evolution of the control signals, and it is clear that the
control effort tends to zero and ensures the stability of the closed-
loop system dynamic. In Fig. 4, (a) shows the dynamics of the

update rate of the unknown parameter, D, when its initial value
is D(0) = 4. It is clear that the updated rate gradually tends to
zero over time; (b) describes the estimate of the unknown input
delay for the system subject to the designed adaptive control law
for a given initial value D(0) = 4: the estimated delay D gradually
converges to the real value D = 2. In Fig. 5, (a) and (b) show
the tracking error of agents indexed by i = 5,i = 15,1 = 30,
and i = 51 (actuator leaders) and the average of all agents on
the horizontal and vertical directions, respectively, under non-
adaptive boundary control. It can be seen from the figure that the
tracking error gradually tends to 0 with time evolution. Figures
(c) and (d) show the L>-norm of average tracking error of all the
agents in the horizontal and vertical directions, respectively. It
can be seen that if the estimate of unknown delay D does not
match the true value of the delay D = 2, namely if a delay
mismatch occurs, the tracking error diverges.
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Fig. 2. The adaptive formation change process of the multi-agent system with
unknown delay initial value D(0) = 4. (a)t =0s (b)t =0.09s(c)t=0.2s
(dt=2s(e)t=4s(f)t=40s.
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Fig. 3. Time-evolution of the control signals.

5
0 et
i
o by ! —
fa [ —u-system:
“Q & P - -z-system
Il
-10 P
-15
10 20 30 40
t(sec)
(@)
5
D=2
4 HE% --non-adaptive
& e —u-system
E o - - z-system
2
1
0 10 20 30 40
t(sec)
(b)

Fig. 4. Delay estimate. (a) Dynamics of the updated law ﬁ(t) (b) Time-evolution
of the estimate of the unknown parameter D(t).

7. Conclusion

This paper studies the formation control of MAS with un-
known input delay in 3-D space via cylindrical topology. To
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=3

--i=5

8 : i=15
5 6: --i=30
5, . - ~Leaders - ~Leaders
R --All agents --All agents
I
T2
& I
0 Y T — e e —
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0 1; = l2;), 30. 40 0 10 ‘ 20 30’ 40
t(sec) t(sec)
(© (d)

Fig. 5. (a) Tracking error of u system under adaptive control, (b) Observation
error of z system under adaptive control, (c) Average tracking error of u system,
(d) Average tracking error of z system.

achieve the desired 3-D formation with stable transitions, we pro-
pose an adaptive controller with the backstepping method. The
update law for estimating the unknown parameter is designed
using the Lyapunov method. As the dimensionality increases, the
complexity of the problem grows significantly. To address this,
we introduce a Fourier series to transform the PDE describing the
two-dimensional cylindrical communication topology into the
sum of infinite one-dimensional systems. Subsequently, we prove
the local stability of the closed-loop system and the regulation of
the system’s state to zero by a rather intricate Lyapunov function.
In future work, we will extend our research to the systems subject
to both unknown plant coefficients and input delays.
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