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Observer-Based Periodic Event-Triggered and
Self-Triggered Boundary Control of a Class of
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Abstract—This paper introduces the first observer-based pe-
riodic event-triggered control (PETC) and self-triggered control
(STC) for boundary control of a class of parabolic PDEs using
PDE backstepping control. We introduce techniques to convert
a certain class of continuous-time event-triggered control into
PETC and STC, eliminating the need for continuous evaluation
of the triggering function. For the PETC, the triggering function
requires only periodic evaluations to detect events, while the STC
proactively computes the time of the next event right at the
current event time using the system model and the continuously
available measurements. For both strategies, the control input
is updated exclusively at events and is maintained using a zero-
order hold between events. We demonstrate that the closed-loop
system is Zeno-free. We offer criteria for selecting an appropriate
sampling period for the PETC and for determining the time until
the next event under the STC. We prove the system’s global
exponential convergence to zero in the spatial L norm for both
anti-collocated and collocated sensing and actuation under the
PETC. For the STC, local exponential convergence to zero in the
spatial L? norm for collocated sensing and actuation is proven.
Simulations are provided to illustrate the theoretical claims.

Index Terms—Backstepping control, event-triggered control
(ETC), periodic ETC, self-triggered control, parabolic PDEs.

I. INTRODUCTION

Event-triggered control (ETC) updates the control input
based on events generated by a suitable triggering mechanism
instead of at fixed intervals. This approach incorporates feed-
back into the control update tasks, allowing the control input
to be updated aperiodically and only when necessary, based
on the system’s states. In ETC, a primary challenge is avoid-
ing Zeno behavior—infinite updates in a finite time—which
is usually achieved by the careful design of the triggering
mechanism so that it is endowed with a positive lower bound
for the time between events, known as the minimal dwell-
time (MDT). Research over the last decade has expanded from
ODE:s [8] to those on PDEs, generating considerable advances
(e.g. [31-[5], [9], [13]-[15], [19]). Particularly, [14] and [15]
are the most relevant to the present study.

A significant limitation of ETC for both ODEs and PDE:s is
the necessity for continuous-time evaluation of the triggering
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function to detect events, which is not ideal for digital im-
plementations. These strategies are referred to as continuous-
time ETC (CETC). To address this limitation, two alternative
approaches have been developed: periodic event-triggered
control (PETC) which checks the event-triggering function
periodically and decides on control updates [6], and self-
triggered control (STC) which proactively calculates the next
event time at the current event time, using system states and
the knowledge of the system’s dynamics [8]. Recent works on
both PETC [2], [6], [7], [20] and STC [1], [10], [18], [21] of
ODE systems have surfaced. However, their use in controlling
PDE plants remains limited, with only a few papers addressing
infinite-dimensional systems [16], [17]. Utilizing semigroup
theory, [17] provides a full-state feedback PETC for infinite
dimensional systems with unbounded control operators and
point actuation whereas [16] provides a full-state feedback
STC for infinite dimensional systems with bounded control
operators and spatially distributed actuation.

This contribution introduces the first observer-based PETC
and STC for boundary control of a class of parabolic PDEs
using PDE backstepping approach!. Specifically, we present
observer-based PETC designs when the boundary sensing
and actuation are either collocated or anti-collocated and an
observer-based STC design with collocated boundary sensing
and actuation. Our designs are far from trivial and encompass
all possible configurations of boundary sensing and actuation
but anti-collocated sensing and actuation under STC.

The PETC results from a careful redesign of the continuous-
time triggering function used in the CETC [14], [15] to
allow for periodic evaluation only. CETC approaches endowed
with MDTs, such as those described in [4], [5], [9], [13]-
[15], [19], might seem operable in a PETC configuration by
permitting only periodic evaluations of the CETC triggering
function, with a period that is less than or equal to the MDT.
Indeed, following a control update triggered by an event,
it is not necessary to check the CETC triggering function
until a period equivalent to the MDT has elapsed, because
during this time, the function continues to satisfy the required
condition. However, once this period has passed, the triggering
function could violate the required condition at any moment,
indicating that continuous evaluation of the triggering function
is absolutely necessary after a period equivalent to the MDT
following an event to ensure that the condition is continuously

!Full-state feedback PETC and STC with global exponential convergence
results were presented in [11] and [12], respectively.
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met. This implies that the simplistic approach of periodically
checking the CETC triggering function at intervals less than or
equal to the MDT does not suffice to guarantee the continuous
satisfaction of the required condition. Thus, novel triggering
functions designed for periodic evaluation are necessary.

We derive a novel periodic event triggering function requir-
ing only periodic evaluations by finding an upper bound of
the underlying continuous-time triggering function between
two consecutive periodic evaluations. Subsequently, an explicit
upper-bound of the allowable sampling period for periodic
evaluation of the triggering function is obtained. Since the
triggering function is evaluated periodically, and the control
input is updated only when the function satisfies a certain
condition upon evaluation, Zeno behavior is inherently absent.
Moreover, it is rigorously proven that the closed-loop system
well-posedness and convergence under the CETC are pre-
served under the PETC. Specifically, the closed-loop signals
under both CETC and PETC globally exponentially converges
to zero in the spatial L? norm at the same rate.

The proposed STC consists of a uniformly and positively
lower-bounded function that accepts several inputs involving
the observer states, which, when evaluated at an event time,
outputs the waiting time until the next event. The design
of the positive function requires upper and lower bounds of
constituent variables of the triggering function of the CETC.
Since the function is uniformly and positively lower-bounded,
the closed-loop system is Zeno-free by design. Moreover, the
well-posedness of the closed-loop system under the STC is
established. It is also proven that the closed-loop system under
the STC exponentially converges to zero in the spatial L2 norm
locally at the same rate as its CETC counterpart.

Notation: By C°(A;2), we denote the class of continuous
functions on A C R”, which takes values in 2 C R. By
Ck(A;Q), where k > 1, we denote the class of continuous
functions on A, which takes values in ) and has continu-
ous derivatives of order k. L?(0,1) denotes the equivalence
class of Lebesgue measurable functions f : [0,1] — R
such that [|f| = (f01|f(x)\2)1/2 < oo. H(0,1) denotes
the equivalence class of Lebesgue measurable functions f :
[0,1] — R such that fol f2(z)dz + fol f2(z)dz < oo. Let
w: [0,1] x Ry — R be given. u[t] denotes the profile of w at
certain t > 0, i.e., (ut])(z) = u(z,t), for all z € [0,1]. For
an interval J C R, the space C°(J; L?(0,1)) is the space
of continuous mappings J >t — u[t] € L?(0,1).

II. PRELIMINARIES AND CONTINUOUS-TIME
EVENT-TRIGGERED CONTROL (CETC)

Consider the following 1-D reaction-diffusion sampled-data
boundary control system with constant coefficients:

up(x,t) = ety (z,t) + Au(a, t), for z € (0,1), (1)

alux(oat) = _02u(0at)7 ()
for all t € (#4,t%,,),j € N, where 0102 = 0, 0; +

O = 1, “w” € {“,“p”,%“s"}, and t§ = 0. The sets
{t5}jens {ti}jen, and {t3}jen are event sequences from
continuous-time event-triggering, periodic event-triggering,

and self-triggering mechanisms. The initial condition is u[0] €
L?(0,1), and the parameters &, \,q are all positive. The
inputs UjC,Uj’-7 , and U]-S are CETC, PETC, and STC inputs,
respectively, held constant for ¢ € [t¥,¢%,,),j € N. Note
that 6; and 0y are either 0 or 1 and #; # 65. The case
01 = 1,05 = 0 leads to Neumann boundary condition at z = 0
whereas ¢; = 0,60, = 1 leads to Dirichlet boundary condition
at z = 0.

In [14] and [15], the authors develop observers for the
system (1)-(3) using boundary measurements. The former
addresses anti-collocated boundary sensing and actuation with
u(0,t) as the measurement, while the latter focuses on col-
located boundary sensing and actuation with u(1,t¢) as the
measurement. These designs are presented below:

Uy (x,t) =€tz (x,t) + Mi(z, t)
+ p1(z) (61@(0,t) + O2a(1,t)), for z € (0,1),

(4)
011,(0,t) = —620(0,%) + 01p10a(0, 1), (5)
i, (1,t) = —qu(1,t) + U + O2p10u(1, 1), (6)

for all t € (t4,15,,),j € N, where 4[0] € L*(0,1) and
a(x,t) :=u(x,t) — u(x, t), (7
is the observer error. Here, the case 6; = 1,00 = 0

results in anti-collocated sensing and actuation, and the case
01 = 0,05 = 1 results in collocated sensing and actuation.
The terms p; (z) and p1o are observer gains determined using
the PDE backstepping technique equipped with the Volterra
transformation:

(e, ) = w(z, 1) —/

92:E

01x+6-
P(z,y)w(y,t)dy,  (8)

with its inverse:

w(z,t) = iz, t) +/

92:12

01x+602
Q(z,y)u(y, t)dy,  (9)

for 0 < Oyx + 61y < 01 + 62y < 1. Details on the bounded
observer gains p;(z) and pio as well as the bounded gain
kernels P(x,y) and Q(z,y) are found in [14] and [15].

The well-posedness of the closed-loop system (1)-(7) with
piecewise constant inputs between two sampling instants is
provided in the following proposition.

Proposition 1 ( [14]). For every u[ty], afty] € L*(0,1),
there exist unique solutions w,u : [t9,t 1] x [0,1] —
R between two time instants t}‘-’ and t%., such that
u, i € C’O([t;?,t‘;’Jrl];Lz(O, 1) N CH((t7,t4,1) x [0,1]) with
ult],at] € C2%([0,1]) which satisfy (2),(3),(5),(6) for t €
(t,t4, 1] and (1), (4) for t € (t4,t4,,], = € (0,1).
Assumption 1. The parameters q, \, and ¢ satisfy the follow-
ing relation:

(10)

Remark 1. Assumption 1 is required to avoid the use of
the signal u(1,¢) in the nominal control law for which it is
impossible to obtain a useful bound on its rate of change.
Furthermore, It is worth mentioning that an eigenfunction
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expansion of the solution of (1)-(3) with U;” = 0 (zero input)
shows that the system is unstable when A > e72/4%, no
matter what ¢ > 0 (see Remark 1 in [14] and [15]). (Il
In [14] and [15], the authors propose the following sampled-
data boundary control law to be used in conjunction with
event-triggering:
1
U= [ ity an
for t € [t¥,t%,,),j € N where k(y) is the control gain
found using the PDE backstepping technique equipped with
the Volterra transformation:

(1) = oz, 1) - / K(z.y)aly, Hdy,  (12)
0
with its inverse:
A t) = (1) + / Lz, gy, )dy,  (13)
0

for 0 <y <z < 1. For further details on the bounded control
gain k(z) as well as the bounded gain kernels K (x,y) and
L(z,y), the readers are referred to [14] and [15].

The difference between the sampled-data and the
continuous-time control input, termed the input holding
error, is defined by

- /O k(y) (ay, 12) — iy,

where ¢ € [t4,t%, ) and j € N.

The authors of [14], [15] present a continuous-time event-
triggering mechanism to determine the set of event times
{t$}jen using d(t) and a dynamic variable m(t) via the
following rule:

t))dy, (14)

t¢,, = inf {t € Ry |t > t5,T°(t) > 0,j € N}, (15)
with ¢§ = 0. The function T'°(¢) is defined as
T(t) = d(t) — ym(t). (16)

where v > 0 is an event-trigger design parameter. The variable
m(t) evolves according to the ODE

mi(t) = —nm(t) — pd*(t) + B l|aft]||* + 207 (1, t) (17
+ 618310, 1) 4 028302(1,1),
valid for all ¢ € (t5,t,,),j € N with m(t§) = m(0) > 0

and m(t;") = m(t§) =
event-trigger parameters.
Assumption 2 (Event-trigger parameter selection). The pa-
rameters y,m > 0 are design parameters, and (1, B2, 33 > 0
are chosen such that

(t;+)9 and P, 617ﬂ2763 > 0 are

fr= fy(l— S0—o) P2 = (1_ 0 —o) Bs = ﬂ, (18)
where o € (0,1) and

o = 4/0 (k") + ek(Vk() + k() dy,  (19)

ay = 4(eqk(1) + ek (1)), (20)

az = 4(>‘(91k(0)2+ 02k(1)) n Al k(y)pl(y)dy)Q, @21)

Subject to Assumption 1, the parameter p > 0 is chosen as

B
===, (22)
for B, k1 > 0 chosen such that B(smin {q— % - 9—21, %} -

A(s014200) ) 2 2
e T) 26112 — 285 — 4BoL2 > 0,

for some ko,k3 > 0, where g(x) = p1(x) — %K(a:,()) -

fom K(z,y)p1(y)dy, L = 1 + (fol foz LQ(x,y)dydx) Y2 nd

— (fol L*(1,y)dy) Y2 ith K(z,y) and L(z,y) being the
gain kernels of the backstepping transformations (12) and
(13). Note from Assumption I that ¢ — X\/2e — 61/2 > 0.
Theorem 1 (Results under CETC [14], [15]). Consider the
CETC approach (11),(14)-(17) under Assumption 1, which
generates a set of event-times 1¢ = {t{}jen with t§ = 0.
It holds that

I(t) <0 for all t € [0,sup(I°)), (23)

Consequently, given appropriate choices for the event-trigger
parameters ~,m,81,82,P3,p > 0, the followings hold:
R1: The set of event-times I° generates an increasing se-

quence for any 1,7, p > 0 and 51, B2, B3 > 0 satisfying
(18). Specifically, it holds that t5 , —t; > 7> 0,5 € N

where
1 oa
=1+ —2% ) 24
O e e
Here o € (0,1) appears in the relation (18), and
a=1+pi+n>0, (25)
where
p1 = 42k (1). (26)

As j — oo, it follows that t§ — oo, thereby excluding
Zeno behavior.

For every u[0],a[0] € L?(0,1), there exist unique
solutions u, % : Ry x [0,1] — R such that u,4 €
CO(R4; L2(0,1) N CY(J¢ x [0,1]) with ult],a[t] €
C?([0,1]) which satisfy (2),(3),(5),(6) for all t > 0 and
(1), @ forall t > 0,2 € (0,1), where J¢ =R\
The dynamic variable m(t) governed by (17) with
m(0) > 0 satisfies m(t) > 0 for all t > 0.

As a result of R1-R3 and under Assumption 2, the closed-
loop system (1)-(7) globally exponentially converges to
zero in the spatial L? norm satisfying

7t/ ul0]

for all t > 0 and for some M,b* > 0.

R2:

R3:

R4:

[ult][[+llaft]]] < Me™ 011 + [[a[0][|* 4 m(0),

27)

III. PERIODIC EVENT-TRIGGERED CONTROL (PETC) AND
SELF-TRIGGERED CONTROL (STC)

A. Periodic Event-triggered Control (PETC)

In this subsection, we propose a PETC approach for the
system described by equations (1)-(7) subject to Assumption
1. This approach is applicable under both anti-collocated
(61 = 1,65 = 0) and collocated (8, = 0,60, = 1) sensing and
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actuation configurations. Our design draws from the CETC
scheme in (11), (14)-(17). To implement this, we redesign the
triggering function T'“(¢), as specified in (16), into a new trig-
gering function T'P(¢) which facilitates periodic evaluations.
Furthermore, we determine a maximum allowable sampling
period h > 0 for the periodic event-trigger. The proposed
periodic event-triggering mechanism determines the set of
event-times {t”} ey via the following rule:

ti —lnf{teR+\t>t” I'?(t) > 0,t = nh, 28)
h>0,n € N},
with t5 = 0. Here, h is the sampling period selected as
0<h<r, (29)
where 7 is given by (24) and T'P(¢) is given by
I7(t) =(a +p)e™"d*(t) — ypd*(t) — yam(t).  (30)

Here, d(t) is given by (14) for ¢t € [t§’7t§+1) Jj €N, m(t)
satisfies (17) for t € (},t7,,),7 € N, and a is given by (25).
Note that, under the continuous-time event-trigger (15)-(17),
the triggering function I'“(¢) needs to be checked continuously
to detect events. In contrast, with the periodic event-trigger
(28)-(30), the triggering function I'”(t) requires only periodic
evaluations for event detection.
Theorem 2 (Results under PETC). Consider the PETC
approach (11),(28)-(30) under Assumption 1, which generates
an increasing set of event-times I? = {tV};en with 1 = 0.
For every u[0],4[0] € L?(0,1), there exist unique solutions
u, @ Ry x [0,1] — R such that u, 4 € C°(Ry; L?(0,1) N
CH(JP x [0,1]) with ult],a[t] € C?([0,1]) which satisfy
(2),(3),(5),(6) for all t > 0 and (1), (4) forallt > 0,z € (0,1),
where JP = R \IP. Given appropriate choices for the event-
trigger parameters v,1,1,82,P3,p > 0, the followings hold:
R1: For any n,v,p > 0 and (1,082,835 > 0 satisfy-
ing (18), the function T°(t) given by (16) satisfies
Te(t) < 0 for all t > 0 along the solution of (1)-
(7),(11),(14),(17),(28)-(30).
The dynamic variable m(t) governed by (17) with
m(0) > 0 satisfies m(t) > 0 for all t > 0 along the
solution of (1)-(7),(11),(14),(28)-(30).
Under Assumption 2, the closed-loop system (1)-(7)
globally exponentially converges to zero in the spatial
L? norm satisfying (27).
The complete proof is provided in the Appendix-A.

R2:

R3:

B. Self-triggered Control (STC)

In this subsection, we propose an STC approach for the

system described by equations (1)-(7) under collocated sensing
and actuation configuration (¢; = 0,62 = 1) and subject to
Assumption 1. Furthermore, we make the following assump-
tion on initial data.
Assumption 3. The initial conditions of the plant (1)-(3) and
the observer (4)-(6) with 01 = 0,02 = 1 satisfy u[0],a[0] €
HY(0,1). Further, for some known constants W1, Wy > 0, it
holds that

[ulO]]] < W1, and [Jus [0]]] < Py (31)

Our design draws from the CETC scheme in (11), (14)-
(17). We propose a function G(-,-) that is uniformly positive
and lower-bounded, and which depends on the observer states.
When this function is evaluated at the current event time,
it yields the waiting time until the subsequent event. The
proposed self-triggering mechanism determines the sequence
of event times {#;};en according to the following rule:

tiy =15 + G(lalt]l, m(3)),

with t§ = 0 where G(,
lower-bounded function

G(llalz31l, m(t5))

(32)

-) > 0 is a uniformly and positively

s H(t3)
_ 1 ym(ts) + o1 (33)
‘= max-< T, 2Q+771n< : SH(E) )
H(tj) + ot

In (33), H(t) is given by

X 52 k‘||2 X (W*)26—2U*t
(0) = 20l (2lald]? + 1 a1+ FLE),
(34)
where | H2 )
N 1
o=A+0k o e(o, 4}, (35)

and U{ is given by
1

V2

U= (((Ml F 1)+ D) U + T

+ ((Ml L1+ 92) l[a[o]]| + ||m[0]|)
),
(36)

In (36), ¥;,¥5 > 0 are the known bounds of |lu[0]]

and ||ug[0]||, respectively, as stated in Assumption 3 and
My, 1, Q9 are given by
2eq?
My =2 37
! Q+57r2/4+25q—0 37)
11
=ty [ [ Qe o)
0 T
and
ng[%x|QzI|+\///Q2 (z,y)dydz, (39)
zE

where Q(x,y) is the gain kernel of the inverse backstepping
transformation (9). Referring to [15], one can show that
maxzeo,1] |Q(z, )| = A/2e.

Theorem 3 (Results under STC). Consider the STC ap-
proach (11),(32)-(39) under Assumptions 1 and 3, which
generates an increasing set of event-times I° = {t;’f}jeN
with t§ = 0. For every u[0],4[0] € L2(0,1), there exist
unique solutions u,t : Ry x [0,1] — R such that u,4 €
CO(Ry; L%(0,1) N CL(J* x [0,1]) with u[t],a[t] € C?([0,1])
which satisfy (2),(3),(5),(6) for all t > 0 and (1), (4) for all
t > 0,z € (0,1), where J° = R \I®. Given appropriate
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Fig. 2: Boundary control inputs.

choices for the event-trigger parameters ~,m,81,32,P3,p > 0,
the followings hold:

R1: For any n,v,p > 0 and (1,082,835 > 0 satisfy-
ing (18), the function T<(t) given by (16) satisfies
Te(t) < 0 for all t > 0 along the solution of (1)-
(7),(11),(14),(17),(32)-(39).

R2: The dynamic variable m(t) governed by (17) with
m(0) > 0 satisfies m(t) > 0 for all t > 0 along the
solution of (1)-(7),(11),(14),(32)-(39).

R3: Under Assumption 2, the closed-loop system (1)-(7)
locally exponentially converges to zero in the spatial L*
norm satisfying (27).

The complete proof is provided in the Appendix-B.

Remark 2. When «[0] and 4[0] are in H'(0, 1), they are also

in L?(0,1). As a result, the well-posedness of the closed-loop

system (1)-(6), in the context of Theorem 3, directly follows
from Proposition 1. The solution is constructed iteratively
between consecutive event times.

IV. NUMERICAL SIMULATIONS

We consider an open loop unstable reaction-diffusion PDE
with ¢ = 0.001, A = 0.01,¢ = 5.1,0; = 0,02 = 1 and the
initial conditions u[0] = 52%(x — 1)? and 4[0] = 22 (x — 1)2.
For numerical simulations, both the plant and the observer are
discretized with a uniform step size of Az = 0.005 for the
space variable. The discretization with respect to time is done
using the implicit Euler scheme with step size At = 0.001s.
The parameters for the CETC and PETC are chosen as follows:
m(0) =107%,v = 1,7 = 1 and o = 0.9. We compute using
(19)-(21) that a3 = 0.021; g = 0.0131; 3 = 0.7971. There-
fore, from (18), we obtain 5; = 0.2095; B2 = 0.1309; 55 =

) 40 o t5,, —t5 (CETC)
% -tb , — 1! (PETC)
8 o
= 20
E :
A . I\

OJ

0 500 1000 1500 2000
Time [s]

Fig. 3: Dwell-times under CETC and PETC.

= 1907, £, —t; (STC) .
% °
£ 100 K
E 50 OOOOO
A 0 e
0 500 1000 1500 2000
Time [s]

Fig. 4: Dwell-times under STC.

7.9706. Let us choose k1 = 25 and B = 7.7304 x 10%, and
then, from (22), we obtain p = 966.3. The parameters for
the STC are chosen as follows: m(0) = 10~y = 10'2, =
10750 = 0.9,¥; = 0.1992, ¥y = 0.6901, and o* = e7?/4.
Therefore, from (18), we obtain 3; = 2.095 x 10713; 3y =
1.31 x 10713; B3 = 7.9706 x 10~'2. Let us choose k1 = 25
and B = 7.7304 x 1078, and then, from (22), we obtain
p = 9.6630 x 10719 For all the strategies, the MDT 7
calculated using (24) is 0.009s. For the PETC, we choose
the sampling period for evaluating the triggering function as
h = 0.009s.

Fig. 1 shows the response of the closed-loop system under
CETC, PETC, and STC. Fig. 2 shows the corresponding
control inputs. We can observe that the spatial L2 norm of the
closed-loop signals under CETC, PETC, and STC converge
to zero at roughly similar rates, despite PETC and STC not
requiring continuous evaluation of a triggering function, as
opposed to CETC. In Figs. 3 and 4, we can observe that
both CETC and PETC trigger events at similar rates, whereas
STC triggers more frequent events than CETC and PETC
initially. However, as the closed-loop system approaches the
equilibrium, the frequency of events under STC significantly
becomes lower than those under CETC and PETC.

V. CONCLUSIONS

In this paper, we have proposed novel observer-based PETC
and STC strategies for a class of reaction-diffusion systems.
Specifically, we have presented observer-based PETC designs
when the sensing and actuation are either collocated or anti-
collocated and an observer-based STC design with collo-
cated sensing and actuation. The key idea of the developed
methods is the transformation of a class of continuous-time
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dynamic event-triggers which require continuous evaluation
to periodic event-triggers and self-triggers. For the PETC,
we have obtained an explicit upper-bound of the allowable
sampling period of the periodic event-trigger. For the STC,
we have designed a uniformly and positively lower-bounded
function which, when evaluated at the time of an event, outputs
the waiting time until the next event. The well-posedness of
the closed-loop system under both PETC and STC has been
proven for all cases. Further, we have proven that the global
exponential convergence to zero in the spatial L? norm under
the CETC is preserved under the proposed PETC. The STC
ensures that the closed-loop system exponentially converges
to zero in the spatial L? norm locally at a comparable rate
to its CETC counterpart. The conducted numerical simulation
has illustrated the validity of the theoretical developments.

APPENDIX

A. Proof of Theorem 2

The well-posedness of the closed-loop system (1)-(6) under
the PETC, in the sense of Theorem 2, directly follows from
Proposition 1. The solution is constructed iteratively between
consecutive event times. To streamline the rest of the proof of
Theorem 2, we first present Lemmas 1 and 2.
Lemma 1. Consider the PETC approach (11),(28)-(30) which
generates an increasing set of event-times IP? = {t? }ien with
th = 0. For d(t) given by (14), it holds that

d(t) <prd®(t) + an |aft]|? + aa®(1,t) + 0;033%(0, t)

+ 92(13&2(1, t),
(40)

along the solution of (1)-(7) for all t € (nh, (n+ 1)h) and
any n € [t?/h,tgﬂ/h) C N. Here ay,a9,a3,p1 > 0 are
given by (19)-(21),(26), respectively.

The proof is very similar to that of Lemma 2 in [14], and
hence omitted.
Lemma 2. Consider the PETC approach (11),(28)-(30) under
Assumption I, which generates an increasing set of event-times
{tP}jen with t§ = 0. For any n,7,p > 0 and f31, B2, B3 > 0
satisfying (18), T'°(t) given by (16) satisfies

1
L(t) < = ((a+yp)d?(nh)e" =" — 5pd?(nh)

(4D
- "yam(nh)>67"(t7"h),

where a is given by (25), and h is the sampling period chosen
as in (29), along the solution of (1)-(7),(11),(14),(17),(28)-(30)
for all t € [nh,(n+ 1)h) and any n € [t /h,t +1/h) CN.
Proof of Lemma 2. Taking the time derivative of (16)int e
(nh, (n 4+ 1)h) and n € [t /h, 1}, /h) C N, using Young’s
inequality, the relation (40), the dynamlcs of m(t) given by
(17), and (16) to substitute for d?(¢), we show that

I°(t) <(1+ p1+7p)T°(t) + v(a + yp)m(t)
— (vB1 — a)||aft][]* — (vB2 — az)a*(1,1)
— (783 — a3) (01@%(0, ) + 620%(1, ).

Noting that both sides of this inequality are well-behaved in
€ (nh,(n+ 1)h) and n € [t8/h,t% | /h) C N, we assert,

there exists a non-negative function «(t) € CO((¢},¢%,,); Ry )
such that

Le(t) =(1+ p1 +yp)T(t) + v(a + vp)m(t)
= (vB1 — a))aft]l* — (v82 — az)a*(1,1)
— (03 — a3)(91ﬂ2(07t) + 620%(1,t)) — u(t),
for all t € (nh,(n + 1)h) and n € [t/h,t5,,/h) C N.

Furthermore, using (16) to substitute for d2( ), we rewrite the
dynamics of m(t) as

m(t) = — pL(t) = (yp + n)m(t) + Bullaft]|?
+ Bo@®(1,t) + B3(013°(0, 1) + 62a°(1,1)),
for t € (nh,(n 4+ 1)h) and n € [t§/h,t7, /h) C N.
Then, concatenating the equations (42) and (43), we obtain
the following ODE system

(42)

(43)

2(t) = Az(t) +v(t), (44)
where
Ie(t 1+ p1+ a+
) = {m((t))} 4= [ o i((’Vp jfz))}
( (Vﬁl—al)llﬂ[]\\ (75’2—@2) *(1.1) )
(783 — a3) (613%(0, ) + 02a%(1,1)) — u(t)
v =1 (Bula)? + gt < 1)

+ B (010%(0,) + 92712(1,7:)))
From (44), we obtain that
t
() = A z(h) + [ ACOu(E)ag,
nh

for all ¢ € [nh, (n+1)h) and n € [tp/h, +1/h) C N, using
which we obtain

t
re(t) = CeAt=m 2 (nh) + / CeAlt=8)y(¢)de,
nh

where C' = [1 O]. The matrix A has two distinct eigenvalues
—n and 1+ p;. Therefore, using the matrix diagonalization of
A and after some simplifications, it can be shown that

[€111?

Ce=9p(&) = —((v81 — a1)g1(t — &) — Brga(t — &) |1
— (782 — a2)g1(t — &) — Pagalt — ))u (1,)
—01((v8s — a3)gi(t — &) — Baga(t — €))*(0,1)
—02((v83 — az)ga(t — &) — Baga(t — £))u*(1,1)

—g1(t =)&),
where

1 _
g(t) = 5( —yp+ (a+yp)e™)e ™,

and (a+7p)
yla+vp
92(t) = f(
We can easily observe that gi(¢t) > 0 for all ¢ > 0.
Furthermore, noting that v3;/a; = 1/(1—0),i = 1,2,3 from
(18), and recalling (24), we show that

-1+ eat)efnt.

(v8i — i) g1 (t — &) — Biga(t — &)
_aila+p) oa Cat=8)) —n(t—8)
- U+ Ty )

aia+7p) (e — -9 ) =nta-0
a b
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fori =1,2,3. Asnh <& <t< (n+1)h,and h < 7, we
have that (v53; — a;)g1(t —&) — Bige2(t—§) > 0 for i = 1,2, 3.
Thus, we argue that CeA(*=8y(€) < 0 for all ¢,& such that
nh < & <t < (n+1)h, and n € [t]/h,t5 /h) C N.
Considering this, it can be derived for ¢ € [nh, (n+ 1)h) that

Te(t) < CeAt=mM) 2 (nh)
< g1(t = nh)T(nh) 4+ g2(t — nh)m(nh)
( = v(a+yp)m(nh) — ypI'“(nh)

+ (a+7vp)(L¢(nh) + wm(nh))e“(t’”h)> e Nt=nh),

IN
SH R

By substituting for I'*(nh) using (16), we obtain the inequality
(41) that is valid for t € [nh, (n + 1)h). This completes the
proof of Lemma 2 |

Now let us continue with the proof of Theorem 2. Assume
that an event has triggered at ¢ = ¢ and m(t}) > 0. Then, let
us analyze the behavior of I'°(¢) and m(t) in t € [t7,17, )
along the solution of (1)-(7),(11),(14),(17),(28)-(30). After the
event at t = t? , the control law is updated. Thus, we have
from (16) that I°(t) = —ym(t}) < 0. Consequently, T'“(t)
will at least remain non-positive until ¢ = t;’ + 7 where 7
is the MDT given by (24) (see R1 of Theorem 1). Thus,
I“(t) will definitely remain non-positive in t € [t!, % + h) as
h < 7. However, at each t = nh,n > 0, the periodic event-
trigger given by (28)-(30) is evaluated, and only if I'?(nh) > 0
that an event is triggered, and the control input is updated. If
I'?(nh) < 0, then an update would not be required as I'(¢)
will be non-positive due to the relation (41) (Note that the right
hand side of (41) is definitely non-positive when I'?(nh) < 0).
Thus, I'°(¢t) will in fact remain non-positive at least until
t =1, where T?(t/ ) > 0. AsT°(t) < O fort € [t], 1V, ),
we write from (16) that d*(t) < ym(t) for t € [t},t],,).
Then, considering the dynamics of m(t) given by (17), we
get m(t) > —(n + fyp)T(t) for t € (¢%,¢%,,), which leads
to m(t) > e—(ﬁ+7/’)(t—tj)m(t§) > 0 for t € [tV,¢%, ). The
time continuity of m(t) leads to m(t} ;) = m(t; ;) > 0.
Therefore, after the control input has been updated at ¢t = t§ 1
we obtain the equality T°(t},,) = —ym(tf,;) < 0. 1In a
similar way, we can analyze the behavior of I'“(t) and m(t)
in all t € [th,¢},,) for any j € N starting from the first
event at t§ = 0 where m(0) > 0 to prove that I'°(¢) < 0
for all t € [t%,¢%,,),j € N and m(t) > 0 for all ¢ > 0.
Thus, the global L?-exponential convergence of the closed-
loop system to zero satisfying the estimate (27) follows from
R4 of Theorem 1. This completes the proof of Theorem 2. B

B. Proof of Theorem 3

The well-posedness of the closed-loop system (1)-(6) with
01 = 0,05 = 1 under the STC is discussed in Remark 2. To
streamline the proof of Theorem 3, we first present Lemma 3.
Lemma 3. Consider the STC approach (32)-(39) under As-
sumptions I and 3, which generates an increasing set of event
times {t;}jen with t; = 0. Then, for the error d(t) given by
(14) and m(t) governed by (17), the followings hold:

d*(t) < H(t5)e? 1), (45)

and

ey PH (té) Cn(t—t° 43
£ > 19 e t—t3) VI o —n(t=t3) (o (2e+m)(t—t7) _q
m()_m(])e 50 77e (e )

)

(46)
for all t € [t5,t5,,),j € N along the solution of (1)-(7),

where H(t) and o are given by (34) and (35), respectively.
Proof of Lemma 3. Consider the positive definite function

1
V== / a*(z,t)dx. 47)
2 0

Taking its time derivative along the solution (4)-(6) and using
Young’s inequality and Cauchy-Schwarz inequality, we show
that

€h1 ~2

V < —eqi®(L,t) — el|ag[t]|* + Allaf]|® + 5 4 (1,1)

3 £
4 (Up)? 4+ P2

epioha _o
ohy I 2, @

(1,t) + 1,%)

L [p1]Phs | o
— 1, ——||u|t
+ g+ 2 e,
for ¢ € (t3,¢3,,),j € N and some hy, ha,hs > 0. Let us
select hy = 2%, hy = 25510 ,hs = 1. Then, one can show

V< —e(o- 2 )i0.0) — ellaldlP + el )

2 2 2 (48)
€7 rrsy2 (5 Pio }) 02(1.¢
for t € (tj,tjﬂ),j € N where g > 0 is given by (35). Using

Cauchy-Schwarz inequality and (11) under the consideration

of (47), we obtain that (U)* < 2[|k||*V (). Thus, recalling

Assumption 1 from which it follows that ¢ > \/2¢ for 6; = 0,

we write (48) as

22|kl ., 2p2y 1\

7ﬂ Ey ) + (20 + 3,
(49)

V <20V (t) +

fort € (t3,t3,1),j € N. Now let us find a known upper-bound
for |@(1,t)|. From Lemma 1 of [15], we obtain that ||w,[t]|| <
(@ 0] + My |[@fo][)e="* and (Al < [@fo]fe="* for
all t > 0 where w is the observer error target state obtained
via (9) with 8; = 0,605 = 1 (see [15] for details), M; is given
by (37), and o* is given by (35). Thus, using (8), Agmon’s
and Young’s inequalities, we obtain that

(L0 = [@(1, 0] < (V2) ] + (V2) )]

< (V2)T My + D[afo]le " + (V2)TH @ [0][le

(50)

for all £ > 0. But, using (9) with §; = 0,05 = 1, and Cauchy-
Schwarz inequality, we show that ||w[0]|| < ©4]/@[0]]|] and
[lo:[0]]] < ||ag[0]]| 4+ 22]|@[0]]|] where €4 and € are given
by (38) and (39), respectively. Again using Cauchy-Schwarz
inequality, we obtain from (7) that ||a[0]|| < ||«[0]|| + ||@[0]]]
and ||@[0]]] < |lug[0]]] + ||@%[0]]]. Thus, from (50), we obtain
the following bound for @%(1,t)

(1) < Woe ', (51)

for all t > 0 where ¥y = (V2)7'((M; + 1) +
Q) Uy + (V2) 1o + (V2) 71 (M7 + 1)Q + Q2) [|2[0]]] +
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(\/E)—luam[o]n Then, considering (51) and noting that

€207t < 729t for all ¢ > t5, we obtain from (49) that
. 22 |1k||?
S

V(t) <20V(t) + h
fort € (¢2,t7

3 j+1),j € N where ¥ is given by (36). Therefore,
from (52), we show that

V(t) <e*=EV ()
21512 s « _9g*ts
=LV + ()P

() + (g)2e™275, (52)

+ 7 e ),
for t € [t3,£5,,),j € N from which we obtain that
i)
< (rategiP + L pageg p + FE 2 Y ertes,

(53)

considering (47). Using Cauchy-Schwarz inequality and
Young’s inequality on (14), we show that d?(t) <
2|[k|1P[la[ts])I* + 2|[k[[?[|a[t]||*. Then, using (53), we obtain
(45). Considering the dynamics of m(t) given by (17) and
the relation (45), we show 1(t) > —nml(t) — pH (t3)e*( 1)
for t € (t3,¢3,,),j € N from which we obtain (46). This
completes the proof of Lemma 3. |

Now let us continue with the proof of Theorem 3. Consider
the triggering function I'°(¢) given by (16) along the solution
of (1)-(7),(11),(14),(17),(32)-(39). Further, let us assume that
an event has occurred at ¢ = t; and m(t5) > 0. Then,
as the control input is updated, it follows from (16) that
re(t;) = —ym(t;) < 0. Moreover, I'*(¢) will remain non-
positive at least until ¢ = ¢7 4 7, where 7 is the MDT given
by (24) (see R1 of Theorem 1). We have from (45) that
d*(t) < H(t5)e**""%5) and from (46) that

ym(t) zfym(ti)e_"(t_ti)

20+1
for t € [t5,t5,,). Note that the RHS of (45) is an increasing
function of ¢t whereas the RHS of (46) is a decreasing function

of t. Then, if there is a positive th > t; that satisfies

vpH (t3) ==t (eReHm (=) _ 1),

H (152 =) = ym(t5)e ' =15)

_PHE) et (ctzerne'=) 1),
20+
(54)

we are certain that d?(t) < ym(t), ie, T°(t) < 0 for t €
[t5, 1) (note that the LHS of (54) is an upper-bound for d?(t7),

and the RHS of (54) is a lower-bound for ym(t")). Solving
(54) for tt, we obtain that

s H (t5)

T s 1 ’ym(t}) T ’y;QJrW]

t :tj+2g+7]ln H(gs) 4 PHE)
(tj) + 20+n

If tT > t* + 7, the next event can be chosen as 5, = t If
th < t; + 7, the next event can be chosen as th = t; +7.In
this way, since the next event time is given by (32)-(39), it is

ensured that I'*(¢) < 0 for ¢ € [t3,¢2, ;) while preventing the
occurrence of Zeno phenomenon. Then, employing the same
line of reasoning as in the proof of Theorem 2, we can show
that I'*(t) < 0 for all ¢ € [t5,t5,,),7 € N and m(t) > 0
for all ¢+ > 0. Thus, the L?-exponential convergence to zero
satisfying the estimate (27) follows from R4 of Theorem 1.
This completes the proof of Theorem 3. ]
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