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ABSTRACT

This paper provides observer-based sampled-data and event-triggered boundary control strategies for
a class of reaction-diffusion PDEs with collocated sensing and Robin actuation. Infinite-dimensional
backstepping design is used as the underlying control approach. It is shown that the continuous-time
output feedback boundary control applied in a sample-and-hold fashion ensures global closed-loop
exponential stability, provided that the sampling period is sufficiently small. Further, robustness to
perturbations of the sampling schedule is guaranteed. For the event-triggered implementation of
the continuous-time controller, a dynamic triggering condition is utilized. The triggering condition
determines the time instants at which the control input needs to be updated. Under the observer-
based event-triggered boundary control, it is shown that there is a minimal dwell-time between two
triggering instants independent of initial conditions. Further, the global exponential convergence of
the closed-loop system to the equilibrium point is established. A simulation example is provided to

validate the theoretical results.

Published by Elsevier Ltd.

1. Introduction

Computer-controlled systems often consist of continuous-time
plants and digital computers that interact via a feedback channel
to achieve specific control objectives. For such systems, periodic
sampling/update of control inputs is sometimes not desirable due
to limitations in the hardware, software, and communication re-
sources (Hespanha, Naghshtabrizi, & Xu, 2007). Therefore, control
strategies that rely on non-uniform sampling schedules, known as
aperiodic sampled-data control, have been introduced (Fridman,
Seuret, & Richard, 2004; Karafyllis & Kravaris, 2009; Karafyllis &
Krstic, 2011, 2012; Nesic, Teel, & Carnevale, 2009; Pepe, 2016). A
major drawback in most of the existing aperiodic sampled-data
control methods is the lack of explicit criteria for selecting appro-
priate sampling schedules required for the controller implemen-
tation. This has led to the development of event-triggered control
strategies (Donkers & Heemels, 2012; Girard, 2015; Heemels,
Donkers, & Teel, 2013; Heemels, Johansson, & Tabuada, 2012;
Marchand, Durand, & Castellanos, 2013; Postoyan, Tabuada, Nesi¢,
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& Anta, 2015; Tabuada, 2007; Tallapragada & Chopra, 2013),
where the instances of control updates are determined by occur-
rences of events that indicate the need for fresh control updates.
Thus, event-triggered control provides a rigorous resource-aware
method of implementing control laws into digital platforms.
Sampled-data control of infinite-dimensional systems has been
studied in works such as Fridman and Blighovsky (2012), Kang
and Fridman (2018), Karafyllis and Krstic (2017, 2018), Loge-
mann, Rebarber, and Townley (2003, 2005), Rebarber and Town-
ley (2006), Selivanov and Fridman (2017) and Wang and Wang
(2019). The major works Logemann et al. (2003), Rebarber and
Townley (2006) provide necessary and sufficient conditions for
periodic sampled-data control of general infinite-dimensional
systems, which have been extended in Logemann et al. (2005)
to incorporate generalized sampling. Sampled-data controllers
for parabolic PDEs using matrix inequalities have been proposed
in Fridman and Blighovsky (2012), Kang and Fridman (2018),
Selivanov and Fridman (2017). Using small-gain arguments, the
authors of Karafyllis and Krstic (2018) obtain results that guaran-
tee closed-loop exponential stability for 1-D parabolic PDEs under
Zero-Order-Hold implementations of continuous-time boundary
feedback designs (emulation). Similar results have been obtained
for 1-D linear transport PDEs with non-local terms in Karafyl-
lis and Krstic (2017). A distributed sampled-data control ap-
proach using a finite number of local piecewise measurements
in space is proposed for semilinear parabolic PDEs in Wang
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and Wang (2019). Via modal decomposition, the authors of Katz
and Fridman (2021) present sampled-data control approaches
under boundary or distributed sensing together with non-local
actuation, or Dirichlet actuation with distributed sensing for
reaction—diffusion systems.

Several recent works that employ event-triggered bound-
ary control strategies on infinite-dimensional systems can be
found in Diagne and Karafyllis (2021), Espitia (2020), Espitia,
Girard, Marchand, and Prieur (2016, 2018), Espitia, Karafyllis,
and Krstic (2021), Katz, Fridman, and Selivanov (2020), Selivanov
and Fridman (2016), Wang (2019). In general, event-triggered
control includes two main components: a feedback control law
that stabilizes the system and an event-triggered mechanism
that determines when the control value has to be updated. All
event-triggered control designs should be free of the Zeno phe-
nomenon (Heemels et al., 2012); otherwise, the design would be
infeasible for digital implementation due to the triggering of an
infinite number of control updates over a finite period. Zeno-free
behavior is often ensured by showing a guaranteed lower bound
for the time between two adjacent events, known as minimal
dwell-time.

Both Sampled-data and event-triggered boundary control of
linear parabolic PDEs with boundary sensing only are pretty
challenging. The actuation type and the sensor configuration have
to be carefully selected to obtain successful control designs. A
general robustness result that guarantees closed-loop exponential
stability under the emulation of continuous-time boundary out-
put feedback control designs with a sufficiently small sampling
period (not necessarily periodic) is missing for sampled-data con-
trol with boundary sensing and actuation. Sampled-data back-
stepping with Neumann actuation leads to an undesirable trace
term that arises from the difference between the continuous-
time feedback and the applied control action (the input holding
error), for which it is impossible to obtain a useful bound on
its rate of convergence. Furthermore, sampled-data backstepping
boundary output feedback requires a bound for the local output
making Dirichlet type sensing is the only viable option. The
Dirichlet output can be bounded by using the H'-norm estimate
of the observer error target system. However, such H!'-norm
estimates only exist when the boundary condition at the uncon-
trolled end is Dirichlet (irrespective of the boundary conditions at
the controlled end) (Karafyllis & Krstic, 2019). Therefore, bound-
ary sensing anti-collocated with the actuation is not conducive
for sampled-data backstepping control.

Under event-triggered boundary control of general parabolic
PDEs with boundary observation, the possibility of avoiding the
Zeno phenomenon is unknown. The actuation type is critical
as both Dirichlet and Neumann actuation under backstepping
pose a severe impediment in proving the existence of a minimal
dwell-time and hence well-posedness and convergence results
due to unbounded local terms. Using the modal decomposition
approach, the authors (Katz et al,, 2020) present an observer-
based event-triggered boundary control of a reaction-diffusion
equation with anti-collocated sensing and Robin boundary ac-
tuation in the presence of input and output time-varying delay.
In Rathnayake, Diagne, Espitia, and Karafyllis (2021), an event-
triggered backstepping boundary control strategy for reaction-
diffusion PDEs with anti-collocated sensing and Robin boundary
actuation is proposed. The authors of Chen, Zhuang, Chen, and Cui
(2017) propose a continuous-time backstepping-based boundary
feedback control for a fractional reaction-diffusion system with
Robin boundary conditions.

This paper considers Robin boundary control of reaction-
diffusion PDEs with collocated sensing and actuation using the
infinite-dimensional backstepping approach. We prove that there
is a sufficiently small sampling period such that the global ex-
ponential stability of the closed-loop system is preserved under
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the emulation of the continuous-time observer-based controller.
We also derive conditions for the (conservative) upper bounds
of the sampling period and establish robustness to perturbations
of the sampling schedule. Moreover, for the controller’s practical
implementation, we propose an event-triggered control strategy
as in Rathnayake et al. (2021) using a dynamic event-triggering
condition under which we show that the Zeno phenomenon
cannot occur. We prove the global exponential convergence of
the closed-loop system subject to the proposed event-triggered
control.

The paper is organized as follows. Section 2 introduces the
class of linear reaction-diffusion system and the continuous-
time output feedback boundary control. Section 3 presents the
observer-based sampled-data boundary control. In Section 4, we
introduce the observer-based event-triggered boundary control.
We provide a numerical example in Section 5 to illustrate the
results and conclude the paper in Section 6.

Notation. R, is the nonnegative real line whereas N is the set
of natural numbers including zero. By C°(A; £2), we denote the
class of continuous functions on A € R", which takes values
in 2 C R. By CKA; ), where k > 1, we denote the class
of continuous functions on A, which takes values in §2 and has
continuous derivatives of order k. I2(0, 1) denotes the equiva-
lence class of Lebesgue measurable functions f : [0,1] — R
such that |If] = (folfz(x)dx)l/2 < oo. H'(0, 1) denotes the
equivalence class of Lebesgue measurable functions f : [0, 1] —
R such that folfz(x)dx + folfxz(x)dx < oo. H%(0, 1) denotes the
Sobolev space of continuously differentiable functions on [0, 1]
with measurable, square integrable second derivative. Let u
[0, 1] x R; — R be given. u[t] denotes the profile of u at certain
t>0,ie, (u[t])(x) = u(x, t), for all x € [0, 1]. For an interval I C
R, the space C° (I; 1?(0, 1)) is the space of continuous mappings
I3t — ult] € [2(0, 1). Ix(-), and Jn(-) with m being an integer
respectively denote the modified Bessel and (nonmodified) Bessel
functions of the first kind.

2. Observer-based backstepping boundary control and emula-
tion

Let us consider the following 1-D reaction-diffusion system
with constant coefficients:

U(x, t) = eux(x, t) + du(x, t), (1a)
u(0,t)=0, (1b)
u(1,t)+ qu(1,t) = U(t), (1c)

and the initial condition u[0] € H!(0, 1), where ¢, A > 0, u :
[0, 1] x [0, c0) — R is the system state, and U(t) is the control
input.

Assumption 1. The plant’s parameters g, A, and ¢ satisfy the
following inequality:

q > \/2¢.

Remark 1. Assumption 1 is required to avoid a trace term for
which it is impossible to obtain a useful bound on its rate of
change. In order to overcome this, it is required that ¢ — 1/2¢ >
0. Furthermore, It should be mentioned that an eigenfunction
expansion of the solution of (1) with U(t) = 0 (zero input) shows
that the system is unstable when A > ex?, no matter what q > 0
is.

We propose an observer for the system (1) using u(1, t) as the
available measurement/output. Note that the output is collocated
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with the input. The observer consists of a copy of the system (1)
with output injection terms, which is stated as follows:

fe(x, t) = ellx(x, t) + Al(x, t)

+ P (u(1, £) = 41, 1)), (2a)

(0,t) =0, (2b)

Ue(1, 1) + qii(1, £) = U(t) + pro(u(1, t) — @1, 1)), (20)
and the initial condition 4[0] € H'(0, 1). Here, the function p;(x)

and the constant pyp are observer gains to be determined.

Remark 2. The restriction that the initial conditions should sat-
isfy u[0], 1[0] € H'(0, 1) is only required for sampled-data con-
trol. For event-triggered control, it is sufficient that u[0], #i[0] €
1%(0, 1).

Let us denote the observer error by (x, t), which is defined as

u(x, t) == u(x, t) — i(x, t). (3)

By subtracting (2) from (1), one can see that i(x, t) satisfies the
following PDE:

(X, t) = eli(x, t) + All(x, t) — p1(x)u(1, t), (4a)
(0, t) = 0, (4b)
i (1, t) +qi(1, t) = —pqoli(1, t). (4c)

Proposition 1. Under the invertible backstepping transformation

1
i(x, £) = (x, £) — f P(x. )iy, D)y, (5)
where
h h(A07 =)

€ VA2 —x%)/e

for 0 < x <y < 1, the observer error system (4) with the gains
p1(x) and po chosen as

P(x,y)=— (6)

po=-PLD=2 ()

pi(x) = —eqP(x, 1) — ePy(x, 1), "

gets transformed to the following observer error target system

We(X, t) = eWx(X, t), (8a)
w(0,t) =0, (8b)
wy(1, t) = —qu(1,t), (8¢c)

which is globally L?>-exponentially stable for any q > 0.
Proof. The proof is very similar to that of Proposition 1 in Rath-
nayake et al. (2021) and hence omitted. ®

The inverse transformation of (5) can be shown to be as
follows:

1
e, ) = i £) + / Q. )ily. )dy, (9)
where Q(x, y) is
I (VA2 - 2)/e)
3 My? —x2)/e
for0<x<y<1.

Qx,y) = — (10)

Proposition 2. The invertible backstepping transformation

w(x, t) =u(x, t) — /X K(x, y)u(y, t)dy, (11)
0
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where
2 _ 2
& Mx2 —y*)/e

for 0 <y <x <1, and a control law U(t) chosen as

1
0o = [ (019 + K1)ty (13
0

map the system (2) with the gains pi(x) and pyo chosen as in (7),
into the following target system:

We(x, t) = ewp(x, t) + gx)w(1,t), (14a)
w(0,t) =0, (14b)
(1, 1) = —rw(1,r)+;—€w(1,t). (140)
with

200 = pi(x) - /O Kex Y1)y, (15)
and

r=q-— % (16)

Proof. The proof is very similar to that of Proposition 2 in Rath-
nayake et al. (2021) and hence omitted. ®

The inverse transformation of (11) can be shown to be as
follows:

u(x, t) = w(x, t)+/ L(x, y)w(y, t)dy, (17)
0

where

A (VAR —y2)/e)

e VA2 —y?)/e

for0<y=<x<1.

Lix.y) = (18)

Proposition 3.  Subject to Assumption 1, the closed-loop sys-
tem which consists of the plant (1) and the observer (2) with the
continuous-time control law (13), is globally exponentially stable in
[?-sense.

Proof. The proof is very similar to that of Proposition 3 in Rath-
nayake et al. (2021) and hence omitted. W

2.1. Emulation of the observer-based backstepping boundary control

We aim to stabilize the closed-loop system containing the
plant (1) and the observer (2) while sampling the continuous-
time controller U(t) given by (13) at a certain sequence of time
instants (t;)jen. These sampling instants will be fully characterized
later on for both sampled-data control (via a maximum upper
diameter of the sampling schedule) and event-triggered control
(via an event trigger). The control input is held constant between
two consecutive time instants. Therefore, we define the control
input for t € [tj, tj1),j € N as

1
U= U(t) = / k)R, t)dy. (19)
0
where
k(y) = rK(1,y) + K(1, y). (20)

Accordingly, the boundary conditions (1c) and (2c) are modified,
respectively, as follows:

u(1,t) 4+ qu(1, t) = Uj, (21)
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. . Y
ux(l,t)+qu(1,t)=Uj+£u(1,t). (22)

The deviation between the continuous-time control law and its
sampled counterpart, referred to as the input holding error, is
defined as follows:

1
d(t) = / k)0 ) — A0y, £)dy, (23)
0

for t € [, ti+1),j € N. It can be shown that the backstepping
transformation (11), applied on the system (2a), (2b), (22) be-
tween tj and tj;4,j € N, yields the following target system, valid
for t € [tj, tiy1),j € N:

We(X, t) = eWe(x, t) + gx)w(1, 1), (24a)
®(0,t) =0, (24b)
Wy(1,£) = —rd(1, £) + d(t) + 2’\—817)(1, t), (24c)

where g(x) and r are given by (15) and (16), respectively.

It is straightforward to see that the observer error system i for
t € [t, ti+1),j € N under the modified boundary conditions (21)
and (22) will still be the same as (4). Therefore, the application of
the backstepping transformation (5) on # between t; and tj;1,j €
N yields the following observer error target system

We(x, £) = elWx(X, ), (25a)
w(0,t)=0, (25b)
wy(1, t) = —quw(1, t), (25¢)

valid for t > 0.
2.2. Well-posedness issues

Proposition 4. For given initial data u[t;], i[t;] € 1%(0, 1), there
exist unique mappings u, it € C°([t;, ti1]; L2(0, 1)) N C1((¢, tj+1) x
[0, 11) with u[t], ii[t] € C3([0, 1]) which satisfy (1b), (2b), (19)-
(22) for t € (4, tipq] and (1a), (2a) for t e (4, i1l X €
(0, 1).

Proof. The proof is very similar to that of Proposition 4 in Rath-
nayake et al. (2021) and hence omitted. H

Corollary 1. Let{t; > 0,j=0, 1,2, ...} be an increasing sequence
of sampling times with to = 0, lim;_, ;. o(t;) = 4-00. Then for every
given initial data u[0], i[0] € L12(0, 1), there exist unique mappings
u, it € CO(Ry; 12(0, 1)) N CY(I x [0, 1]) with u[t], 4[t] € C3([0, 1])
which satisfy (1b), (2b), (19)-(22) for all t > 0 and (1a), (2a) for all
t>0,xe(0,1), wherel =R, |{t; >0,j e N}.

Proof. This is a straightforward consequence of Proposition 4
and Theorem 4.10 in Karafyllis and Krstic (2019). The solu-
tions are constructed iteratively between consecutive triggering
times. H

Remark 3. Note that when u[0], i[0] € H'(0, 1), it follows that
u[0], ii[0] € L%(0, 1). Thus, the same existence and uniqueness
results presented in Corollary 1 hold when u[0], #i[0] € H!(0, 1).

3. Observer-based sampled-data boundary control

In this section, we show the closed-loop exponential stability
for the closed-loop system (1a), (1b), (2a), (2b), (19)-(22) under
arbitrary sampling schedules of sufficiently small sampling pe-
riod. The structure of the closed-loop system consisting of the
plant and the observer-based controller is illustrated in Fig. 1. We
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u(l,to)

—>
-L Observer+Controller
x=0 x=1 {fj2j=1,2,...}

Fig. 1. Sampled-data observer-based closed-loop system.

present the main result in Theorem 1 and state several important
estimates in Lemmas 1-3, which are required in proving Theo-
rem 1. Below are some definitions that we frequently use in this
section.

Definition 1. For w € R,0 > 0, consider the Sturm-Liouville
(SL) operator §G : Dy — L?(0, 1) defined as

(5 Gfo)(x) == —efy (x) — wfp(x), (26)
for all f; € Dy and x € (0, 1) where Dy € H%(0, 1) is given by
Dy := {fy € H*(0, 1)|fa(0) = f;(1) + 6fp(1) = 0}. (27)
The eigenfunctions ¢y ,(x),n = 1,2, ... of the SL operator §G
defined by (26) and (27) are

1
foa(x) = (#Z(W)) sin(us rx), (28)

where vy, > 0,n =1, 2, ... satisfies

Vo.n COt(vg n) = —6. (29)
The corresponding eigenvalues §u,, n =1, 2, ... are given by
Sin = £V, — 0. (30)

The eigenfunctions ¢y (x),n = 1,2,... satisfy ¢y .(x) € Dy,
(§Gy.n)X) = §unpon(x) and form an orthonormal basis of
1%(0, 1). Furthermore, the eigenvalues form an infinite, increasing
sequence Yuy < $pta -+ < @ty - -+ with limy oo(§ pn) = +00.

Definition 2. Consider the Sturm-Liouville (SL) operator G :
D — I%(0, 1) is defined as

(GHX) = —&f"(x) + 2eqf (x), 31
for all f € D and x € (0, 1) where D € H2(0, 1) is given by

D= {f € H*(0, 1)|f'(0) = f(1) = 0}. (32)
The eigenfunctions (Z&,,(x),n = 1,2,... of the SL operator G
defined by (31) and (32) are

~ 1

on(x) = \/Ecos((n - i)nx), (33)
with the corresponding eigenvalues i, > 0,n = 1,2, ... given
by

~ 1 )

fin = e(n— 5) 7’ + 2eq, (34)

such that ¢(x) € D, (Gp)(X) = finda(x), and ¢n(x),n = 1,2, ...
form an orthonormal basis of L2(0, 1). Furthermore, the eigenval-
ues form an infinite, increasing sequence 0 < i1 < fiz- - <
fp - - with limy_, 4 oo(ftn) = +o0.

Lemma 1. For every w[0] € H'(0, 1), the unique solution W €
CO%R,; L%(0, 1)) obeying (25b), (25¢) for all t > 0 and (25a) for all
t > 0, x € (0, 1), satisfy the following estimates for all ¢ > 0 and
t>0
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lxle1l < (Ilix[01]l + My llw[O]])e~, (35)
lw[t]] < llw[0]|le~", (36)
where
2
M; =2q+ — and o € (0, min(fiy, 1)) (37)
M1 — 01

Here u] — er? L 4 2eq is the smallest eigenvalue of the SL operator
G:D — L2(O 1) defined in Definition 2. Jju1 = ev7,, where
Vg1 € (/2, ) satisfies (29) with 0 = gq, is the smallest eigenvalue
of a SL operator )G : Dy — L*(0, 1) befitting Definition 1.

Proof. By the straightforward application of Theorem 5.8 in
Karafyllis and Krstic (2019), we can obtain the estimates (35)-
(37). =

Lemma 2. For every increasing sequence {t; > 0,j = 1,2,...}
with ty = 0,limj_ () = +oo and for every w[0] € [?(0, 1),
the unique mapping W < CO(R;[%(0,1)) N C'(I x [0, 1]) with
w[t] € C%([0, 1]) obeying (24b), (24c) for all t > 0 and (24a) for
allt > 0,x € (0,1), where I = R, |{t; > 0,j € N}, satisfies the
following estimate for allr > 0 and allt > 0

el <lfolle ™ +Cr sup (ld(s)ie )

0<s<t

(38)
+ G, sup (Iw(l s)le 72~ ”),
0<s<t
where
o2 € (0,%11), (39)
0
1231
G = - , (40)
V314101 —02)
Opqh + 24/3¢(1
_rMIA V3e(1+1)ligll (a1)

C2V3e(14 1)1 —02)

Here %y = svr 1 Where v, 1 € (m /2, ) satisfies (29) with & =, is
the smallest eigenvalue of a SL operator 9G : D, — L?(0, 1) befitting
Definition 1.

Proof. For every increasing sequence {t; > 0,j = 1,2,...} with
to = 0,limj () = +oo and for every w[0] € [*(0,1),
the existence/uniqueness of the mapping & € C(R.; [2(0, 1)) N
Cl(I x [0, 1]) with @[t] € C?([0, 1]) satisfying (24b), (24c) for all
t > 0and (24a)forallt > 0,x € (0, 1), whereI =R \{t; > 0,j
N} is guaranteed by Corollary 1 due to the transformation (11).
Furthermore, we have that fol wy(x, t)dx = w(1,t)as w(0,t)=0.
Lemma 1 establishes the boundedness of ||w[t]|| which in turn
ensures the boundedness of |w(1, t)|. Therefore, by the straight-
forward application of Theorem 5.3 in Karafyllis and Krstic (2019),
we can obtain the estimate (38)-(41). ™

Lemma 3. Consider the SL operator 3G : Dy — L*(0, 1) befitting
Definition 1 whose eigenfunctions ¢4 , and the corresponding eigen-
values élin respectively satisfy (28) and (30) with 6 = qand w = XA

forn=1,2,... Then, for any T > 0 such that sup;>o(tj1—6) < T
with to = 0 and limj_, , .(tj;) = 400, the following estimate holds
forallt >0

Automatica 137 (2022) 110026
d(e)le”t
N
< 11T 3 (ellkll [kagban(1)] + ysaakal ) sup (11ls]e”)
0<s<t

n=1

+ Lk = hi(e + 1) sup (Jlblslfe”)

0<s<t (42)
Te’T </
+ = kntg.n(1)] + kn|) sup (||w[s]|e”*
- ;(2| oD+ Ilkal) sup (1ls]e”)
Te'T </
— ln 1 k N os
5 ;(zimq,( )|+ palllkal ) sup (xls]e”™)
where d(t) is the input holding error given by (23), N > 1,0 >0
- 1/2
L=1 / / *(x,y dydx , (43)
h(x) : anqsqn (44)

for all x € [0, 1], and

1
ke = f K )dan(y)dy. (45)
0

The functions pq(x),
(20), respectively.

L(x,y), and k(y) are given by (7), (18), and

Proof. Let us define

1
) = fo B (. ) — iy, 0))dy. (46)

for t € [tj, ti+1),j € N. The definitions (23) and (46) imply that

1

d(t) = d(t) + f (k) — h(y)) (iy, ;) — Q(y, t))dy., (47)
0

for t e [tj, tiy1),j € N. Differentiating (46) w.r.t time in t €

(t, tir1).J € N, using (2a), and integrating by parts twice, we can
obtain that

. 1
i) = — /0 hY)Ac(y, t)dy

1 1
=—A / h(y)i(y, t)dy — f h(y)p1(y)dyu(1, t)
0 0

(48)
— eh(1)l(1, t) + eh(0)i(0, t) + eh’'(1)a(1, t)
1
— eH(0)i(0, 1) — ¢ f WGy, Ddy.
0
As ¢pgn € Dy foralln = 1,2,..., it follows from (44) that

h(x) € Dg. Thus, from Definition 1, we have that (;Gh)(x) =
—&h”(x) — Ah(x) and h(0) = h'(1)+qh(1) = 0. Therefore, recalling
(22) and (2b), we can obtain that

. 1
d(t) = — eh(l)U(tj)Jr/ (GGhWa, t)dy
0 (49)

A ! .
= Shnit.0 - [ Hyp i, o
0

for t € (t,ti11),j € N. Using (19), recalling that (gngq,,,)(x) =
éur,([)q,n(x) from Definition 1, and using (44), we can rewrite (49)
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das

=—ean¢>qn / KA, 6)dy
0
£ bk, / bon )iy, )y (50)
n=1 0
N A 1
=3 (Gktan) 4 [ gua ity )t ),
n=1 0

for t € (&, tj+1),j € N. Further, using Cauchy-Schwarz inequality
and noting ||¢q |l = 1 from Definition 1, we can show that

N
()] <elIKINAGI Y [kndbg.n( D] + L1 Z| Jnks|
=1

" n=l (51)
|Z(

knhan(DI + P l[Kal),

3
—_

for t € (t,t4+1),j € N. Therefore, for a T > 0 such that
supj=o(ti+1 — ) < T, let us integrate (51) in t € [t;, G+1),j € N.

Then, noting d(t;) = 0 from (46), we get
ld(t)|

<Ts||l<||||u[g]||Z|kn¢qn(1 |+T i ||u[s]||)Z| nkn 52

n=1 n=1
N

A
+ T sup ([0(1,5)) Y (5 lkudbgn( 11 + P11k ).

i<s<
tf*s*t n=1

for t € [tj, tj+1),j € N. Furthermore, using (52) along with the
fact that supj.¢(tj+1 — tj) < T, we can show

ld(t)]e”"

Te”! Z(s||k|||kn¢q (O] + ganl) su (JalsTle””)

n=1
)

FTT 305 W+ Iprllkal) sup (11, 9)le”™),
n=1 ==

for any o > 0. Thus, we can show recalling (47) that
ld(t)le”"

”Z(snknwcnqbq (V] + ikl ) sup (1alsTle””)

n=1
; (54)

A ~ o
#7673 (5 oD+ Il kal) sup (11, 5)1e”)

n=1
+ Ik — hillarg e + [k — hilIael e,

for t € [t;, ti11), j € N. Using Cauchy-Schwarz inequality and (17),
we can obtain that ||&i[t]| < L|&[t]|| where L is given by (43).
Furthermore, it follows from (5) that w(1, t) = u(1, t). Therefore,
using (54) and noting the fact that sup;.o(tj1 — &) < T, we get

d(o)le”
N
;(snkulkn% (O] + Lkl ) su (01511e)

(e ) sup (Ilzb[s]ne“) (55)
5

+ Ljjk — h||

N
GTE

n=1

0<s<t

lkaban(DI + P11 Kal ) sup (1, $)le™),

0<s<t
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for all ¢ > 0. But, using Agmon’s and Young’s inequalities along
with the fact that w(0, t) = 0, we can obtain that

1

lwxLe]ll (56)
«f vzl
for all t > 0. Thus, the estimate (42) directly follows from (55)
and (56). =

With Lemmas 1-3 at hand, we are now in position to prove the
following result, which shows that the observer-based boundary
sampled-data feedback control law obtained by the emulation of
the continuous-time observer-based backstepping design works.

lw(1, t) lwlelll + —=

Theorem 1. There exist constants o, T* > 0, M := M(T*) > 0,
and increasing sequences {t; > 0,j = 1,2,...} withtg = 0,
Sup;j>o(tiz1—1t;) < T*, and limj_. ; (t;) = +o0 such that, for every
u[0], 1[0] € H'(0, 1) and subject to Assumption 1 and the controller
(19), (20), the closed-loop system consisting of the unique mappings
u, il € CORL; I2(0, 1)) m C(I x [0, 1]) with u[t], fi[t] € C*([0, 1])
obeying (1b), (2b), (21), (22) for all t > 0 and (1a), (2a) for all
t>0,xe(0,1), wherel =R;|{t; > 0, € N}, satisfy thefollowmg
estimate
(GLe]N -+ arell + kL]l

< M(T*)(|a[0]]| 4 [1E[O]]| + I|i[0]])e~",

for all t > 0. Here ii[t] = u[t] — [t]. In other words, the closed-
loop system is global{y exponentially stable in the sense of the norm
lulelll + Nulelll + el

(57)

Proof. Let T* > 0 be a constant to be selected. Furthermore,
let an increasing sequence {; > 0,j = 1,2,...} with t; =
0. supjo(tin — ) < T*limj 4oo(t;) = oo and u[0], A[0] €
H'(0, 1) be given. Then the existence/uniqueness of the mappings
u, il € CO(Ry; I2(0, 1)) N C'(I x [0, 1]) with u[t], i[t] € C3([0, 1])
satisfying (1b), (2b), (19)-(22) for all t > 0 and (1a), (2a) for all
t >0, x € (0, 1) is guaranteed by Corollary 1 and Remark 3.

Before proceeding with the proof of the exponential stability
of the closed-loop system, we present several definitions. Let us
define

1 1
P=1+ (/ / P2(x,y)dydx)]/2, (58)
0 X
B 1 rl 1/2
a=1+( / / Q(x. dya) (59)
0 X
1 X
K=1+ </ / K3(x, y)dydx)l/z, (60)
0 0

where P(x, y), Q(x,y), and K(x, y) are given by (6), (1
respectively, and define

0),and (12),

o = min{o, 0>}, (61)
where o7 and o, are defined in (37) and (39), respectively. Let us
select N > 1 in (44) sufficiently large so that

26 LIk —h| <1, (62)

where C; and L are given by (40) and (43), respectively.

Noting that o, > o from (61) and using (56), we can obtain
from Lemma 2 that
el < foll +Cr sup (lds)e”)

0<s<t

G ~ oS G =~ oS
+ = sup (Jislle”) + == sup (Jdslle™).

0<s<t O<s<t

(63)

for all t > 0. Note that above we have used the fact supy_,
(ld(s)le™2=9) < supgs<,(ld(s)le~“~). Similarly, from
Lemma 1, we can obtain

llix[t1lle”" < [lwx[0]]] + MIlw[O]], (64)
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lwlellle” < llwlo1]l, (65)

for all t > 0 as o7 > o. Therefore, using (64) and (65), we get
from (63) that

ot C
lwlellle” <[wlo]] +

G
+ 20N+ €1 sup ((d(s)e™)

—=M +1) || w(0]|
(66)

for all t > 0. By summing (64), (65), (66) together, we can derive
the following estimate:

sup (|w(s]lle”*) + sup ([w[s]lle”*) + sup (llwx[s]lle”*)

0<s<t 0<s<t 0<s<t

C C
< 101+ (2 + 1)+ DIBH01] + (2 + 1) ol

V2
+ G Ositslgt(ld(S)Ie”S)-
(67)
Therefore, using (42) and (67), we can show have that
yi(T) sup ([ w(s]l|e”) + y2(T) sup (|lw[s]]le”*)
O<s=<t O=s=<t
+ yz(T)OiL:Bt(IIde[s]IIe‘”)
< 101011 + (5 + 1)+ D110 + (<4 + 1) 101,
V2 V2
(68)
where
N
yi(T) =1 = T > (ellkll Knghqn D] + [ tenk
n=1 (69)
— ik —h (e"T + 1),
N
p(M=1- e ;(;knd)q,n(m +Ipalikal). (70
A Sampling Diameter T* should be chosen from the set
T* ={T* > 0|»1(T*) > 0 A »o(T*) > 0}. (71)

The existence of such T* is guaranteed. This can be shown as
follows. We have that y1(0) = 1 —2CiL|lk — h|| > 0as N > 1is
chosen to satisfy (62). We also have that y,(0) = 1. Furthermore,
it is easy to observe that y4(T) and y,(T) are both continuous in
T. Therefore, (71) cannot be a null set.

Let £(T*) be defined as

E(T*) := min{y1(T*), y2(T*)} > 0. (72)
Then, we can obtain from (68) that

Ledl + Nlwledll + lwxle]l

= (E) (191011 + (C/v2 + 1M + D] B[0]] (73)

+(Go/V2 + DIl 0] ) e

With the aid of Cauchy-Schwarz inequality and the transforma-
tions (5), (9), (11), and (17), we can show that

lafelll + llate ]II + Nl [¢]]
l

74
(Ilu[0]|| + [[afo]|| + |qu[0]||) ~ot, (74)

<

(T

Zﬁ++\//fP2xy)dydx l} (75)

where

Q;=m
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Event-triggered Mechanism |

a(x, t)

u(l,t) i
1

Ui b\

x=1 {[j!j = 1,2, }

Observer+Controller

Fig. 2. Event-triggered observer-based closed-loop system.

2 =max | K. (G/vZ+1) ((M+1)Q+2i8

1 1
+ \/f / Q,?(X’y)dde>,Cz/\/§+1 }> 0,
0 X

with L, P, Q, and K defined in (43), (58)-(60), respectively. =

(76)

Remark 4. Following from (71), the maximum upper diameter
T* > 0 of the sampling schedule should satisfy the inequalities
y1(T*) > 0 and y»(T*) > 0 where y4(-) and y,(-) are given by (69)
and (70), respectively. The solution space for the maximum upper
diameter is conservative because it is obtained using small-gain
arguments presented in the proof of Theorem 1. However, it can
be used to understand the qualitative dependence of the max-
imum upper diameter of the sampling schedule on the control
Kernel K and the system parameters.

4. Observer-based event-triggered boundary control

Now we present the observer-based event-triggered boundary
control approach considered in this work. The closed-loop system
consisting of the plant, the observer-based controller, and the
event trigger is depicted in Fig. 2. The event-triggering condition
involves the square of the input holding error d(t) and a dynamic
variable m(t) that depends on the information of the systems (24)
and (25).

Definition 3. Let 7, y, p, B1, B2, B3 > 0. The observer-based
event-triggered boundary control strategy consists of two com-
ponents.

(1) (The event-trigger) The set of event times I = {to, t, t2, ...}
with tp = 0 forms an increasing sequence via the following
rules:

o if {t € Ry|t > tj A d*(t) > —ym(t)} = @ then the set
of the times of the events is {t, ..., tj}.

o if {t € Ry |t > tjAd%(t) > —ym(t)} # @ then the next
event time is given by:

tio1 = inf{t € Ryt > A d(t) > —ym(t)} (77)
where d(t) is given by

1

dit) = / k)(iiy, ;) — iy, t))dy, (78)
0

for all t € [tj, tj11) with k(y) defined in (20), and m(t)

satisfies the ODE

m(t) = — nm(t) + pd*(t) — || wIt]])?
— Bald(1, 6)* — Bslib(1, 0),

for all t € (8, ti1q1) with m(ty) = m(0) < 0 and
m(t;) = m(t;) = m(t;").

(79)
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(2) (The control action) The output boundary feedback control
law

1
U= / K. 6)dy, (80)
0

forall t € [tj, tjy1),j € N.

Proposition 4 allows us to define the solution of the closed-
loop system under the observer-based event-triggered boundary
control (77)-(80) in the interval [0, F), where F = sup(I).

Lemma 4. Under the definition of the observer-based event-triggered
boundary control (77)-(80), it holds that d*(t) < —ym(t) and
m(t) <0, for t € [0, F) where F = sup(I).

Proof. The proof is very similar to that of Lemma 1 in Rathnayake
et al. (2021) and hence omitted. ®

Lemma 5. For d(t) given by (78), it holds that
d(t) < prd*(6) + o [[DIEN? + ol (1, ) + eslib(1, 1), (81)
forall t € (t, tit1), € N, where

o1 = 6e°k*(1), (82)

1
oy = 312 / (k' (y) + ek(1k(y) + xk(y))zdy
0

1
+6(eqk(1) + ekK'(1))? / L*(1, y)dy, (83)
0
oy = 6(5qk(1) + sk’(l))z, (84)
Ak(1 ! 2
ar =6(“57+ [ ki) (85)
with k(y), IL given by (20), (43), (18), respectively.

Proof. The proof is very similar to that of Lemma 2 in Rathnayake
et al. (2021) and hence omitted. ®

Theorem 2. Under the observer-based event-triggered boundary
control in Definition 3, with By, B2, B3 chosen as

o1 (05) [0%]
P=ya—ey P va—ey Py
where a1, ap, a3 given by (83)-(85) and ¥ € (0, 1), there exists a
minimal dwell-time t > O between two triggering times, i.e., there
exists a constant T > 0 such that tj,1 —t; > 7, for all j € N, which is

independent of the initial conditions and only depends on the system
and control parameters.

(86)

Proof. Let us define
d*(t) + y(1 = 9)m(t)
Y(t) =
—yom(t)
Using Lemma 2, a certain estimate for v(t) can be obtained as

in the proof of Theorem 1 in Rathnayake et al. (2021). Using this
estimate, one can easily prove Theorem 2. H

(87)

Theorem 3. Let n, y > 0 be free design parameters, v € (0, 1), and
g(x) and r be given by (15) and (16), respectively, while B1, B2, B3
are chosen according to (86). Further, subject to Assumption 1, let
us choose parameters B, k1, ko, k3 > 0 such that

) 1 € L llgl?
Bsmm{r,f}—————— — 28, — 0, 88
< 2 2K1 4K2 K3 IB] ’82 ~ ( )
and the design parameter p as
ek1B

2
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1\

—1(T)
0.5 —72(T)
0
0 0.25 0.5 0.75 1
T[s] %1073

Fig. 3. The functions y4(T) and y»(T) given by (69) and (70) with N = 9,
o = 0.0266, and C; = 0.5302 in sampled-data control. A sampling diameter T*
has to be selected such that y;(T*) > 0 and y,(T*) > 0 to guarantee exponential
stability.

Then, the closed-loop system which consists of the plant (1a), (1b),
(21) and the observer (2a), (2b), (22) with the event-triggered
boundary controller (77)-(80) has a unique solution and globally
exponentially converges to zero, ie., |u[t]| + |u[t]] — O as
t — o0.

Proof. The proof is very similar to that of Theorem 2 in Rath-
nayake et al. (2021) and hence omitted. Let us only provide the
Lyapunov function used: V. = 4|@?[¢][1* + E|l@*[t]I> — m(t),
where w and W are the systems described by (24) and (25), re-

spectively, and A > 0 is chosen such that A >
AkpB42K3B4+-4p3 m

&q
5. Numerical simulations

We consider a reaction—-diffusion PDE withe = 1; A = 10; q =
5.1 and the initial conditions u[0] = 10x*(x — 1)* and 4[0] =
15x?(x — 1)? 4+ 15x3(x — 1)°. For numerical simulations, both plant
and observer states are discretized with a uniform step size of
h = 0.0062 for the space variable. The discretization with respect
to time was done using the implicit Euler scheme with step size
At = 0.001 s.

First, we look at the sampling diameter for the sampled-
data control implementation of the considered reaction-diffusion
system. The functions y;(T) and y,(T) with respect to T, given by
(69) and (70), respectively, are shown in Fig. 3. We have used
N =9, 0 = 0.0266, and C; = 0.5302 in 4(T) and y,(T). As a
sampling diameter T* should be chosen such that y;(T*) > 0 and
12(T*) > 0 (see (71)), the maximum possible sampling diameter
is around 8 x 10~* s, which is very small.

The parameters for the event-trigger mechanism are chosen
as follows: m(0) = —0.5,y = 10°, = 1 or 100 and ® = 0.1.
We can compute using (83)-(85) that oy = 1.3511 x 103; oy =
1.9642 x 10% a3 = 1.1956 x 10%. Therefore, from (86), we can
obtain B8; = 0.015; 8, = 0.0022; B3 = 0.1328. Finding that
llgll> = 3.0042 x 104, let us choose «x; = 11; k = 10%; k3 = 108
and B = 0.6440 to satisfy (88). Then, from (89), we can obtain
p = 3.54,

Fig. 4(a) shows the response of the pant under event-triggered
control with » = 1 and Fig. 4(b) shows the resulting |u[t]||,
llt[t]ll, and ||@i[t]||. The evolution of the control inputs when =
1 and n = 100 is presented in Fig. 5 along with the corresponding
continuous-time control input. It can be observed that n = 100
yields faster sampling than n = 1.
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= 04
8 0
S -04
0 , 4
0.5 y : 5 2
z[m] t[s]
(a)
04 —ufd]|
sl
0.2 —[laft]]l
0
0 1 2 3 4
t[s]
(b)

Fig. 4. Results for the event-triggered closed-loop system with ¢ = 1,A =
10,q = 5.1,m(0) = —0.5,n = 1, u[0] = 10x*(x — 1)*> and 4[0] = 15x*(x —
1) 4+ 1523 (x — 1) (a) u(x, t). (b) [lult]] and ||[t]]l.

—ETC withn =1
—ETC with n =100
-..CTC

2 3 4
t[s]

Fig. 5. Comparison of ETC (event-triggered control) input for different n: n =
1 and n = 100, for the same system considered in Fig. 4. The corresponding
continuous-time control (CTC) input is also provided for reference.

6. Conclusion

This paper has proposed sampled-data and event-triggered
boundary control strategies for a class of reaction-diffusion sys-
tems with collocated sensing and Robin actuation. For sampled-
data control, it has been shown that the continuous-time output-
feedback backstepping boundary control applied in a sample-
and-hold fashion guarantees global closed-loop exponential sta-
bility, provided that the sampling period is sufficiently small.
Robustness with respect to perturbations of the sampling sched-
ule is guaranteed. For the event-triggered implementation of the
continuous-time control, a dynamic triggering condition has been
used in order to determine when the control value needs to be
updated. Under the event-triggered control approach, the exis-
tence of a minimal-dwell time between two updates independent
of initial conditions has been proved. Further, the global exponen-
tial convergence of the closed-loop system to the equilibrium has
been established.
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